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PREFACE. 








Ir is known that there are Sanscrit books on Astronomy and Mathematics. 
Whether the Science they contain is of Hindoo Origin and of high anti- 
quity, or is modern and borrowed from foreign sources, is a question which 
has been disputed. Some of the Advocates for the Hindoos have asserted their 
pretensions with a degree of zeal which may be termed extravagant; and others. 
among their opponents have with equal vehemence pronounced them to be 
impostors, plagiaries, rogues, blind slaves, ignorant, &c. &c. 

My object in the following paper is to su, port the opinion that the Hindoos 
had an original fund of Sciencenot borrowed from foreign sources. I mean to infer 
also, because of the connexion of the sciences and their ordinary course of ad- 
vancement, that the Hindoos had other knowledge besides what is established by 
direct proof to be theirs, and that much of what they had, must have existed in 
early times. 

But with respect to the antiquity of the specimens which I am going to exhibit, 
nothing seems to be certainly known beyond this, that in form and substauce as 
they are here, they did exist at the end of the 19th or the beginning of the 13th 


Century. 


It is not my purpose to inquire here what parts of Indian science have already 
been ascertained to be genuine. I only wish to observe that the doubts which have 
been raised as to the pretensions of the Hindoos are of very recent birth, and that 
no such doubts have been expressed by persons who were perhaps as well able to 
judge of the matter as we are.* 








Lonsconn E CTE OE, 


* The Edinburgh Review, in criticising Mr. Bentley's Indian Astronomy, in the 20th number, ably contend. 
ed for the antiquity and originality of Hindoo Science, The writer of that article however seems to have left the 
field; and his successor, in a Review of Delambre's History of Greek Arithmetic, has taken the other side of the 
question, with much zeal. This Critic is understood to be Mr. Leslie, who, in his Elements of Geometry, has again 
attacked the Hindoos. Mr. Leslie, after explaining tlie rule for constructing the sines by diTerences, which was 
given in the 2nd Volume of the Asiatic Researches by Mr, Davis, from the Surya Siddhanta, adds the follownig 
remarks. l 
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We are told that in early times Pythagoras and Democritus, who taught the 
Greeks astronomy and mathematics, learnt these sciences in India. The Arabians 








* Such is the detailed explication of that very ingenious mode which, in certain cases, the Hindno Astro- 
nomers employ for constructing the table of approximate sines. But totally ignorant of the principles of 
the operation, those humble calculators are content to follow blindly aslavish routine. The Brahmins must 
therefore have derived such information from people farther advanced than themselves in science, and of 
a bolder and more inventive genius, Whatever may be the pretensions of that passive race, their know- 
“ ledge of trigonometrical computation has no solid claim to any high antiquity. It was probably, before 
* the revival of letters in Europe, carried to the East, by the tide of victory. The natives of Hindustan 
“ might receive instruction from the Persian Astronomers, whe were themsclves taught by the Greeks of 
Constantinople, and stimulated to those scientific pursuits by the skill and liberality of their Arabian con- 
querors,”—(Leslie’s Elements, p. 485.) 

When scientific operations are detailed, and most of the theorems on which they depend are given in the 
form of rules, surely it is not to be inferred because the demonstrations do not always accompany the rules, 
therefore that they were not known; on the contrary, the presumption in such a case is that they were 
known. So it is here, for the Hindoos certainly had at least as much trigonometry as is assumed by Mr. 
Leslie to be the foundation of their rule. Mr. Leslie, after inferring that the Hindoos must have derived their 
science from people farther advanced than themselves, proceeds to shew the sources from which they might 
have borrowed, namely, the Persians, the Greeks, and the Arabians. Now as for the Persians as a nation, we 
do not know of any science of theirs except what was originally Greek or Arabian. This indeed Mr, Leslie 
would seem not to deny; and as for the Greeks and Arabians it is enough to say that the Hindoos could not 
borrow from them whit they never had. ‘Ihey could not have borrowed from them this slavish routine for 
the sines, avhich depends on a principle not known even to the modern Europeans till 200 years ago. In short 
the tide of victory could not have carried that which did not exist. 

It appears from Mr. Davis’s paper that the flindoos knew the distinctions of sines, cosines, and versed sines. 
They knew that the difference of the radius and the cosine is equal to the versed sine; that in a right-angled 
triangle if the hypothenuse be radius the sides are sines and cosines. They assunied a small arc of a circle as 
equal to its sine. They constructed on true principles a table of sines, by adding the first and second 
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differences. 
From the Bija Ganita it will appear that they kuew the chief properties of right-angled and similar triangles. 
In Fyzee’s Lilavati 1 find the following rulcs ; 
(The hypothenuse of a right-angled triangle being 4t, the base à, and the side s.) 
b? 2 2 

Assume any large number p, then v I 1) zc 

b = y (h*—5s?) and s zz y (è — è). 

V ((b — s)? + 255) = R. 

(h 4-2) (k — b) =h? — 0% 





2pb 
b being given to find & and s in any number of ways; let $ be any number; then = ee 5, and 
ps — b = á. 
p b? 
a TE 
e <= S, and = kh, 


A being given, 557 7 = 5 and ps «= k =U. 
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always considered the Indian astrology and astronomy as different from theirs 
and the Greeks. We hear of Indian astronomy known to them in the time of the 
Caliph Al Mamun. (See d’Herbelot). Aben Asra is said to have compared the 
Indian sphere with the Greek and Persian spheres. (Heilbronnen Hist. Math. 
p. 456). We know that the Arabians ascribe their numeral figures to the 








Let p and g be any numbers; then 
2pq = s, p? — q* = b, andp? + 9? —— 7. 








zi s 
a = — a — 
Given a = 5 dz s; then $ = == sand $ X 
— 4 (95? — q? gp ame 22 
Given a =b +s; then = — s ad a saa 


There are also rules for finding the areas of triangles, and four-sided figures; among others the rule for the 
area of a triangle, without finding the perpendicular. 
For the circle there are these rules (c being the circumference, D the diameter, c the chord, » the versed sine, 
& the arch,) 
C: D:: 22:7; and c : D :: 3927 : 1250. (Also see Aycen Akbery, vol. 3, p.22.) 
pev epo 


2y (D E x v 


mule. = +, and — MAGIS = EN 
M A (c — a)a 4D--c 


Also formule for the sides of the regular polygons of 3, 4, 5, 6, 7, 8, 9 sides inscribed in a circle. There are 
also rules for finding the area of a circle, and the surface and solidity of a sphere. It will be seen also that 
Bhascara is supposed to have given these two rules, viz-—the sine of the sum of two arcs is equal to the sum 
of the products of the sine of cach multiplied by the cosine of the other, and divided by the radius; and the 
cosine of the sum of two arcs is equal to the ditference between the products of their sines and of their 
cosines divided by radius. à 

Is it to be doubted that the lIindoos applied their rule for the construction of the sines, to ascertain the 
ratio of the diameter of a circle to its circumference?—thiis the circumference of a circle being divided into 
360 degrees, or 21600 minutes, the sine of 90 degrees which is equal to the radius would be found by the 


402 
9 
573 1250 : 39. 6 a 


and assuming, as the Hindoos commonly do, the nearest integers, the ratio would be 7 : 22 or 1250: 3921. 

It is not to be denied that there are some remarkable coincidences between the Greek and the Hindoo science ; 
for example, among many which might be giver it may be suggested that the contrivances ascribed to Antiphon 
and Bryso, and that of Archimedes, for finding the ratio of the diameter of a circle to its circumference might. 
have been the foundation of the Hindoo method; that Diophantus's speculations on indeterminate problems 
might be the origin of the lindoo Algebra. But there are no truths in the history of science of which we are 
better assured than that the Surya Siddhanta rule for the sines, with the ratio of the diameter of a circle to its 
circumference 1250 : 39275 and the Dija Ganita rules for indeterminate problems were not known to the Greeks, 
Such are the stumbling blocks which we always find in our way when we attempt to refer the Hindoo science to 
any foreign origin. ; p 

A 9 


B 





rule 2438. This wonld give the ratio of the diameter to the circumference 7 :2 
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Indians; and Massoudi refers Ptolemy’s astronomy to them. (Sce Bailly’s preface 
to his Indian astronomy, where is cited M. de Guignes. Mem. Acad. Ins. T. 36, 
p.771). Fyzee, who doubtless was conversant with Greco-arabian learning, and 
certainly knew the Hindoos well, has never started any doubt of the originality 
of what he found among them, The preface to the Zee} Mahommed Shahy, or 
Astronomical Tables, which were published in India in 1798, speaks of the 
European, the Greek, the Arabian, and the Indian systems as all different. 
That work was compiled with great learning by persons who were skiiled in the 
sciences of the West, as well as those of the East *. More examples might be 
given—but to proceed. 

The Bija Ganita is a Sanscrit treatise on algebra, by Bhascara Acharya, a 
celebrated Hindoo Astronomer and Mathematician, 

Fyzee f, who, in 1587, translated the Lilavati, a work of his on arithmetic, 
mensuration, &c. speaks of an astronomical treatise of Bhascara's, dated in the 
1105th year of the Salibahn, which answers to about 1183 of our æra; but Fyzce 
also says, it was 373 years before 995 Hegira, which would bring it down to A. D. 
1995. So that Bhascara must have written about the end of the 12th century, or 
beginning of the 15th. 

A complete translation of the Bija Ganita is a great desideratum ; so it has 
been for more than 20 years, and so it seems likely to remain. 

It will be seen however that we have already means of learning, with sufficient 
accuracy, the contents of this work. I bave a Persian translation of the Bija Ganita, 
which was made in India in 1634, by Ata Allah Rusheedee. The Persian does not in 
itself afford a correct idea of its original, as a translation should do; for it is an 





* See Asiatic Rescarches, 5th vol. on the Astronomieal Labours of Jy Singh. 


+ [will here translate a. part of Fyzee's preface :—“ By order of king Akber, Fyzee translates into Persian, 
^ from the Indian language, the book Lilavati, so famous for the rare and wonderful arts of calculation and 
*! mensuration, He (Fyzee) begs leave to mention that the compiler of this book was Bhascara Acharya, whose 
“ birth place, and the abode of his ancestors was the city of Biddur, in the country of the Deccan. Though 
« the date of compiling this work is not mentioned, yet it may be nearly known from the circumstance, that the 
“ author made another book on the construction of Almanacks, called Kurrun Kuttohul, in which the dale of 
* compiling it is mentioned to be 1105 years trom the date of the Salibahn, an æra famous in India. From 
that year to this, which is the 32d Habi year, corresponding with the lunar year 995, there have passed 
42313 yeurs." 

As the lahi began in the Hegira (or lunar) year, 992, (see Ayeen Akbery) the date 32 of Ilahi is of 
course an error. [tislikely too that there is an error in the number 373. 

Mr. Colebrooke, in the 9th vol. of Asiatic Researches, gives, on Bhascara's own authority, the date of his birth, 
viz, 1063 Saca. In 1105 Salibahn (or Saca) that is, about A, D. 1183, he was 42 years old. 
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undistinguished mixture of text and commentary, and in some places it even 
refers to Euclid. But to’ infer at once from this that every thing in the book 
was derived from Greek or Arabian writers, or that it was inseparably mixed, 
weuld be reasoning too hastily. A little patience will discover evidence of the 
algebra which it contains, being purely Hindoo”, 

The following paper consists of an account of this translation, and some notes 
which I shail now mention: 

Mr. Davis, the well-known author of two papers on Indian Astronomy in the 
Asiatic Researches, made, many years ago, in India, some abstracts and transla- 
tions from the orginal Sansciit Bija Ganita f, and it is greatly to be regretted 
that he did not complete a translation of the whole. The papers which contain 
his notes had long since been mislaid and forgotten. They have been but very 
lately found, and I gladly avail myself of Mr Davis's permission to make use of 
them here. The chief part of them is inserted at the end of my account of the 
Persian translation. To prevent misconception about these notes, it is proper for 
me to observe that in making them Mr. Davis had no other object than to inform 
himself generally of the nature of the Bija Ganita; they were not intended 
probably to be seen by any second person ; certainly they were never proposed to 
convey a perfect idea of the work, or to be exhibited before the public in any 
shape. Many of them are on loose detached pieces of paper, and it is probable 
that, from the time they were written till they came into my hands, they were 
never looked at again. But nevertheless it will be seen that they do, without 
doubt, describe accurately a considerable portion of the most curious parts of the 
Dija Ganita; and though they may seem to occupy but a secondary place here, 
they will be found of more importance than all the rest of this work together. 

They shew positively that the main part of the Persian translation is taken from 








* The late Mr. Reuben Burrow in one of his papers in the Asiatic Researches says, he made translations 
of the Bija Ganita and Lilavati. Those translations he left to Mr. Dalby. They consist of fair copies in 
Persian of Ala Allah's and Fyzee's translations, with the English of each word written above the Persian. 
The words being thus translated separately, without any regard to thé meaning of complete sentences, not a 
single passage can be made out. 1t is plain, from many short notes which Mr. Burrow has written in the 
margin of his Dija Ganita, that he made his verbal translation by the help of a Moonshee, and that he had 
the original Sanscrit at hand, with some opportunity of consulting it occasionally, fam much obliged to Mr. 
Dalby for ailowing me the use of Mr. Burrow’s copy which has enabled me to supply deficiencies in mine; and 
it is otherwise interesting, because it shews that Mr. Burrow had access to the original Sanscrit (probably by 
means ofa Moonshee and a. Pundit) and compared it with the Persian. 

t It is to be remarked that they were made fiom the Sanscrit only. Mr. Davis never saw the Persian 
translation. 
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the Sanscrit work, and that the references to Euclid are interpolations of the 
Persian translator they give most of the Hindoo Algebraic notation* which is 
wanting in the Persian, and they shew that the Astronomy of the Hindoos was 
connected with their Algebra. 

I must however confess, that even before I saw these notes the thing was to 
my mind quite conclusive. For I found (as will be seen) in this Persian trans- 
lation of 1634, said to be from the Sanscrit, a perfectly connected structure of 
science, comprehending propositions, which in Europe were invented successively 
by Bachet de Mezeriac, Fermat, Euler, aud De La Grange f. 





* The Hindoos have no mark for 4-, they only separate the quantities to be added by a vertical line 
thus | or ||, as they separate their slocas or verses. 

Their mark for minus is a dot over the quantity to be subtractcd. 

Instead of a mark for multiplication they write the factors together as we do, thus, ad for a x b. 

Division they mark as we do by a horizontal line drawn between the dividend and divisor, the fower 
quantity being the divisor, 

For unknown quantities they use letters of the alphabet as we do. They use the first letters of the words 
signifying colours. 

The known quantity (which is always a number) has the word roop (form) or the first letter of the word prefixed. 

The square of the unknown quantity is marked by adding to the expression of the simple quantity the first 
letter of the word which means square, and in like manner the cube. 

The sides of an equation are written one above another ; every quantity on one side is expressed again directly 
under it on the other side. Where there is in fact no corresponding quantity, the form is preserved by writing 
that quantity with the co-efficient 0. 

The methods of prefixing a letter to the known number, and using the first letter of the words square and 
cube are the same as those of Diophantus. I mention it as a curious coincidence; perhaps some people may 
attach more importance to it than I do. 

t The propositions which I here particularly allude to are these:— 
aia 

b 
indeterminate. The solution is founded on a division like that which is made for finding the greatest common 
measure of two numbers. ‘The rules comprehend every sort of case, and are in all respects quite perfect. | 

2. The problem am? + 1 = x?, (a being given and m and z required) with its solution, 

3. The application of the above to find any number of values of ax? + b = y? from one known case. 
ur 


b 


I. A general method of solving the problem 





= y, a, b and c being given numbers and x and y 





4. To find values of x and y in ax? -+ b= y* by an application of the problem sia ==, 9. ieS- 


necessary for me Aere to give any detail of the Hindoo methods. 

The first question about this extraordinary matter is, what evidence have we that it is not all a forgery? 
1 answer, shortly, that independently of its being now found in the Sanscrit books, it is ascertained to have 
been there in 1634 and 1587, that is to say, in times when it could not have been forged. 

The following extract from a paper of De La Grange, in the 24th volume of the Memoirs of the Berlin 
Academy, for the year 1768, contains a summary of that part of the history of Algebra which is now alluded to, 
As for the 4th of tke points abovementioned, the method in detail (however imperfect in some respects) is, as 
far as | know, new to this day. The first application of the principle in Europe is to Le sought in the writings 
of De La Grange himself. 
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To maintain that the bya Gantta rules for thé solution of indeterminate pro- 
blems might have been had from any Greek or Arabian, or any modern European 
writers before the Mathematicians just named, would be as absurd as to say that 
the Newtonian Astronomy might have existed in the time of Ptolemy. It is true 
that Dachet wrote a few years before 1634, but this is no sort of objection to the 
argument, for that pait which might be questioned as a mere copy of Bachet’s 
method, namely, the rules for indeterminate problems of the first degree, is closely 
connected with matters of latter invention in Europe, and is in Mr. Dalby's copy 
of Fvzee's translation of the Lilavati, which I have before said was made in 1587 ; 
and Mr. Davis's notes shew that it is in the Sanscrit Bija Ganita, which was 





* [a plupart des Géometres qui ont cultivé l'analyse de Diophante se sont, a l'exemple de cet illustre inven- 
tuer, uniquement appliqués à eviter les valeurs irrationelles; et tout l'artifice de leurs méthodes se reduit à 
faire en sorte que les grandeurs inconnues puissent se déterminer par des nombres commensurables. 

* Dart de resoudre ces sortes de questions ne demande gueres d'autres principes que ceux de l'analyse 
ordinaire; mais ces principes deviennent insuffisant lors-qu'on ajoute la condition que les quantités eher- 
chées soient non seulement commensurables mais encore égales à des nombres entiers. 

“ M. Bachet de Mezeriac, auteur d'un excellent commentarie sur Diophante et de diiférens autres ouvrages 
est, je crois, le premier quit ait tanté de soumettre cette condition au calcul. Ce savant a trouvé une méthode 
générale pour resoudre en nombres entiers toutes les equations du premier degré a deux ou plusieurs incon, 
nues, mais il ne paroit pas avoir été plus loin; et ceux qui aprés lui se sont occupés du méme objet, ont 
aussi presque tous borné leurs recherches aux equations indéterminées du premier degié ; leurs efforts se 
sont réduits a varier les méthods qui peuvent servir a la resolution de ces sortes d'equatious, et aucun, si 
jose le dire, n'a donné une methode plus direete, plus générale, et plus ingenicuse que celle de M. Bachet 
qui se trouve dans ses récréations mathématiques intituéles * Problems platsans et délectubles qui se font par les 
nombres. Wt est a ia vérité assez surprenant que M. de Fermat qui s'etoit si long tems ct avec tant de 
suecés exercé sur la théorie des nombres enticrs, n'ait pas cherché à resoudre généralement les problems 
indeterminés du second degré, et des degrés snperieurs eomme M. Bachet avoit fait ceux du premier degré ; 
on acependent lieu de croire qu'il s'etoit aussi appliqué a cette recherche, par le probleme qu'il proposa 
comme une espece de défi à M. Wallis et à tous les Geometres Anglois, et qui consistoit à trouver deux 
carrés entiers, dont l'un étant multiplié par un nombre entier donné non carré & ensuite retranché de l'autre, 
le reste fut etre égal à l'unité, car, outre que ce probleme est un cas particulier des équations du second 
dégré à deux inconnués il est comme la clef de la résolution génerale de ces équations. Mais soit que 
M. de Fermat n'ait pas continué ses recherches sur cette matiere, soit qu'elle ne soit parvenue jusqu'à nous, 
il est certain qu'on n'en trouve aucune trace dans ses ouvrages. 

** [I paroit meine que les Geometres Anglois qui ont résolu le probleme de M. de Fermat n'ont pas connu 
toute l'importance dont il est pour la solution générale des problemes indéierminés du second degré, du 
moins on ne voit pas qu'ils en ayant jamais fait usage, et Euler est si je ne me trompe, le prémier qui ait 
fait voir comment à l'aide de ce probleme on peut trouver une infiniié de solutions en nombres entiers de 
toute équation du second Jéz1é à deux inconnues, dont on connoit déja une solution. 

** [I résulte de tout ce que nous venons de dire, que depuis l'ouvrage de M, Bachet que a paru en 1613, 
** jusqu'a présent, ou du moins jusqu’au mémoire que je donnai l'année passée sur la solution de probleins 


* indéterininés du sécond dégré, la théorie de ces sortes de problemes n'avoit pas a proprement parler, éte 
* poussée au dela du premier dégré.” 


& 
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written four centuries before Bachet. Though we are not without direct proofs 
from the original, yet, as even the best Sanscrit copies of the Biya Ganita, or any 
nuniber of such copies exactly corresponding, would still be open to the objection 
of interpolations, it is necessary in endeavouring to distinguish the possible and 
the probable corruptions of the text, from what is of Indian origin, to recur to 
the nature of the propositions themselves, and to the general history of the 
science. Indeed we have not data enough to reason satisfactorily on other prin- 
ciples. We cannot rely upon the perfect identity or genuineness of any book 
before the invention of printing, unless the manuscript copies are numerous, and 
of the same age as the original. Such is the nature of our doubt and difficulty 
in this case, for old mathematical Sanscrit manuscripts are exceedingly scarce ; 
and our uncertainty is greatly increased by a consideration of this fact, that in 
latter times the Greek, Arabian, and modern European science has been introduced 
into the Sanscrit books. 

Yet, in cases precisely parallel to this of the Hindoos, we are not accustomed 
to withhold our belief as to the authenticity of the reputed works of the ancients, 
and in forming our judgment we advert more to the contents of the book than 
to the state of the manuscript. When the modern Europeans first had Euclid, 
they saw it only through an Arabic translation. Why did they believe that 
pretended translation to be authentic? Because they found it contained a well 
connected body of science; and it would have been equally as improbable to 
suppose that the Arabian translator could have invented it himself as that he could 
have borrowed it from his countrymen. There are principles on which we decide 
such points. We must not look for mathematical proof, but that sort of proba- 
bility which deterinines us in ordinary matters of history. 

Every scrap of Hindoo science is interesting ; but it may be asked why publish 
any which cannot be authenticated’ I answer, that though this translation of 
Ata Allah’s which professes to exhibit the Hindoo algebra in a Persian dress, does 
indeed contain some things which are not Hindoo, yet it has others which are 
certainly Hindoo. By separating the science from the book we may arrive at 
principles, which if cautiously applied, cannot mislead, which in some cases will 
shew us the truth, and will often bring us to the probability when certainty is 
not to be had. On this account I think the Persian translation at large interest- 
ing, notwithstanding it contains some trifling matters, some which are not in- 
telligible, and others which are downright nonsense. 


I have said that Mr. Davis's notes shew a connexion of the algebra of the 
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Hindoos with their astronomy. Mr. Davis informs me that in the astronomical 
treatises of the Hindoos, reference is often made to the algebra; and particularly 
he remembers a passage where Bhascara says “it would be as absurd for a person 
* ignorant of algebra to write about astronomy, as for one iguorant of grammar 
^ to write poetry." 

Bhascara, who is the only Hindoo writer on algebra whose works we have 
yet procured, does not himself pretend to be theinventor, he assumes no character 
but that of a compiler*. Fyzee never speaks of him but as a person eminently 
skilled in the sciences he taught. He expressly calls him the compiler of the 
Lilavati. 

I understand from Mr. Davis, and I have heard the same in India, that the 
Bija Ganita was not intended by Bhascara as a separate unconnected work, but 
as a component part of one of his treatises on astronomy, another part of which 
is on the circles of the sphere. 

I have found among Mr. Davis's papers, some extracts from a Sanscrit book of 
astronomy, which I think curious, although the treatise they were taken from is 
modern. Mr. Davis believes it to have been written in Jy Sing’s time, when the 
European improvements were introduced into the Hindoo books. Two of these 
extracts I have added to the notes on the Bija Ganita. "The first of the two 
shews that a method has been ascribed by Hindoo Astronomers to Bhascara ot 
calculating sines and cosines by an application of the principles which solve 
indeterminate problems of the second degree. This suggestion is doubtless of 
Hindoo origin, for the principies alluded to were hardly known in Europe in 
Jy Sing's time}. I think it very probable that the second extract is also purely 
Ilindoo, and that the writer knew of Hindoo authors who said the square root 
might be extracted by the cootuk ; that is to say, the principle which effects the 
solution of indeterminate problems of the first degree. From this, and trom what 
is in the Dija Ganita, one cannot but suspect that the Hindoos had continued 
fractions, and possibly some curious arithmetic of sines. On such matters how- 
ever, let every one exercise his own judgment. T : 











* « Almost any trouble and expence would be compensated by the possession of the three copious treatises 
* on algebra from which Bhascara declares he extracted his Bija Ganita, and which in this part-of India are 
“ supposed to be entirely lost."—4As. Res. vol. iii. Mr. Davis ** On the Indian Cycle of 60 years.” 


T Jy Sing reigned from 1694 to 1141. 
t Mr, Reuben Burrow, who, by the bye, it must be confessed is very enthusiastic on these subjects, in a paper 
B 
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We must not be too fastidious in our belief, because we have not found the 
works of the teachers of Pythagoras; we have access to the wreck only of their 
ancient learning; but when we see such traces of a more perfect state of know- 
ledge, when we see that the Hindoo algebra 600 years ago had in the most 
interesting parts some of the most curious modern European discoveries, and 
when we see that it was at that time applied to astronomy, we cannot reasonably 
doubt the originality and the antiquity of mathematical learning among the 
Hindoos. Science in remote times we expect to find withiu very narrow limits 
indeed. its history is all we look to in such researches as these. Considering 
this, and comparing the contents of the Hindoo books with what they might 
have been expected to contain, the result affords matter of the most curious 
speculution. 

May I be excused for adding a few words about myself. If my researches have 
not been so deep as might have been expected from the opportunities I had in 
India, let it be remembered that our labours are limited by circumstances. Jt is 
true I had at one time a copy of the original Bija Ganita, but I do not under. 
stand Sanscrit, nor had J then any means of getting it explained tome. Official 
avocations often prevented me from bestowing attention on these matters, and 
from seizing opportunities when they did occur. Besides, what is to be expected 
in this «av from a mere amateur, to whom the simplest aud most obvious parts 
onlv of such subjects are accessible: 


KE. S. 


—— OOS 


The following account of Ata Allah's Bija Ganita is partly literal translation, 
partly abstract, and partly my own. 

'The litera! translation is marked by inverted commas ; that part which consists 
of my own remarks or description will appear by the contest, and all the rest is 


abstract. g 
I have translated almost all the rules, some of the examples entirely, and 








p m — —— — 


in the appendix of the £d vol. of the As, Res. speaks of the Lilavati and Bija Ganita, and of the mathematical 
knowledge oi the Hindoos: He seys, he was told by a Pundil, that some time ago there were other treatises of 
s'zebre, &c. (See the paper.) 
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others in part; in short, whatever I thought deserving of particular attention, for 
the sake of giving a distinct 1dea of the book. 

Perhaps some of the translated parts might as well have been put in an 
abstract; the truth is, that having made them originally in their present form 
I have not thought it worth while to alter them. 

The notes are only a few remarks which I thought might be of use to save 


trouble and to furnish necessary explanation. 


ypAicsA 


BIJA GANITA. 


—————— 


* A even the usual invocations and compliments, the Persian translator begins thus: 
* Dy the Grace of God, in the year 1044 Hegira" (or A. D. 1634) * being the 
* eighth year of the king's reign, I, Ata Alla Rasheedee, son of Ahmed Nadir, 
* have translated into the Persian language, from Indian, the book of Indian 
“ Algebra, called Beej Gunnit (Bija Ganita), which was written by Bhasker Acharij 
* (Bhascara Acharya) the author of the Leelawuttee (Lilavati). In thescience of 
“ calculation it is a discoverer of wonderful truths and nice subtilties, and it con- 
“ tains useful and important problems which are not mentioned in the Leelawuttee> 
“ norin any Arabic or Persian book. I have dedicated the work toShah Jehan, and 
* [ have arranged it according to the original in an introduction and five books." 


INTRODUCTION. 


“The introduction contains six chapters, each of which has several sections." 


CHAPTER I. 
Os Possesston (()U.) * anp Desr (0549). 


* Know that whatever is treated of in the science of calculation is either 
* affirmative or negative; let that which is affirmative pc called mal, and that 
** which is negative dein. This chapter has five sections.’ 


SrcT. I. 
On Addition and Subtraction, that is, to encrease and diminish. 


* [f an affirmative is taken from an affirmative, or a negative from a negative, 
* the subtrahend is made contrary; that is to say, if it is affirmative suppose it 
“ negative, and if negative suppose it affirmative, and proceed as in addition. 

“ The ruie of addition is, that if it is required to add two affirmative quantities, 








* Most of the technical terms here used are Arabic. 
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4 or two negative quantities together, the sùm is the result of the addition. If 
** they are affirmative call the sum affirmative; if negative call the sum negative. 
* If the quantities are of different kinds take the excess; if the aftirmative is 
* greater, the remainder is affirmative; if the negative is greater, the remainder 
* is negative; and so itis iu subtraction." (Here follow examples). 


La 


DEC Tall, 
On Multiplication *. 


“ If affirmative is multiplied by affirmative, or negative by negative, the product 
‘is affirmative and to be included in the product. If the factors are contrary 
the product is negative, and to be taken from the product. For example, let us 
multiply two affirmative by tliree affirmative, or two negative by three negative, 
the result will be six affirmative; and if we multiply two affirmative by three 
negative, or the contrary, the result will be six negative. 


A 
P 


A 
nn 


A 
mn 


^ 
Aa 


~ 
^ 


x 


5EcT. TIL. 
On Division. 


** The illustration of this is the same as what has been treated of under multi- 
“ plication, that is to say, if the dividend and the divisor are of the same kind 
“the quotient will be affirmative, and if they are different, negative. For 
“ example, if 8 is the dividend and 4 the divisor, and both are of the same kind, 
“ the quotient will be 2 affirmative; if they are different, 9 negative.” 


SECT. IV. 
On Squares. 


“ The squares of affirmative and negative are both affirmative; for to find the 








* In the Persian translation the product of numbers is generally called the rectangle. 
T I had a Persian treatise on Algebra in which there was this passage—*'^ Any number which is to be multiplied 


“ by itself is called by arithmelicians root (yrs), by measurers of surfaces side (e and by alge- 
** braists thing (c S) And the product is called by omenaa square ( b js), by measurers 
** of surfaces square ( ey» and by algebraists possession (ics ur BE is also used for plus, and 


its opposite debt ( te} 3O ) for minus. These terms, all of which are Arabic, are used in the Persian translation 
pp z 


of the Bija Ganita, the geometrical more frequently than their corresponding arithmeticat or algebraical ones. 
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“ square of 4 affirmative we multiply 4 affirmative by 4 affirmative, and by the rules 
* of multiplication, as the factors are of the same kind, the product must be 16 
‘affirmative, and the same applies to negative." 


SECT. V. 
On the Square Root. 


* The square root of affirmative is sometimes affirmative and sometimes nega- 
“ tive, according to difference of circumstances. The square of 3 affirmative or 
‘of 3 negative is 9 affirmative; hence-the root of 9 affirmative is sometimes 3 
“affirmative and sometimes 3 negative, according as the process may require. 
** But if any one asks the root of 9 negative I say the question is absurd, for there 
*' never can be a negative square as has been shown.” 


CHAP. II. 
On THE CIPHER. 


* Tt is divided into four sections." 


SECT. I. 
On Addition and Subtraction. 


“ If cipher is added toa number, or a number is added to cipher, or if cipher 
“ is subtracted from a number, the result is that number: and if a number is sub- 
“ tracted from cipher, if it is affirmative it becomes negative, and if negative it 
'* becomes affirmative. For example, if 3 affirmative is subtracted from cipher 
‘fit will be 3 negative, and if 3 negative is subtracted it will be 3 affirmative." 


SECT. H. 
On ALultiplication. 


“ If cipher is multiplied by a number, or number by cipher, or cipher by cipher, 
* the result will be cipher. For example, if we multiply 3 by cipher, or con- 
“ versely, the result will be cipher” 


e 
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SECT. III. 
On Division. 


* Tf the dividend is cipher and the divisor a number the quotient will be cipher. 
« For example, if we divide cipher by 3 the quotient will be cipher, for multi- 
* plying it by the divisor the product will be the dividend, which is cipher: 
“ and if a number is the dividend and cipher the divisor the division is impossible; 
“ for by whatever number we multiply the divisor, it will not arrive at the divi- 
* dend, because it will always be cipher." 


DEC Tat. 
On Squares, &c. 


“The square, cube, square root, and cube root of cipher, are all cipher; the 
** reason of which is plain.” 


CHAP. SII. 
On COLOURS. 


* Whatever is unknown in examples of calculation, if it is one, call it thing, 
ét r^ - : Sf r - i 
( CS ), and unknown (Qe ; and if itis more call the second black, 


“ and the third blue, and the fourth yellow, and fifth red. Let these be termed 
** colours, each according to its proper colour. This chapter has five sections. 


SECT. Í. 
On Addition and Subtraction of Colours. 


** When we would add one to another, if they are of the same kind add the 
* numbers * together ; if they are of two or more kinds, unite them as they are, 
** and that will be the result of the addition." Here follows an example. 

€ If we wish to subtract, that is to take one from the other, let the subtrahend 
* be reversed. If then two terms of the same kind are alike in this, that they are 
“ both affirmative or both negative, let their sum be taken, otherwise their dif- 
“ference, and whatever of the kind cannot be got from the minuend, must be 








* Meaning here the co-efficients. 
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“ subtracted from cipher. Then let it be reversed, and this will be the result 
* exactly." (Here follows an example). 


Secr. If. 
On Multiplication of Colours. 


** [f a colour is multiplied by a number the product will be a number*, » X v 
4 will be z^, whether the number is the same or different, and the product multi- 
** plied by x will be z'. If the colours are different multiply the numbers of both 
“together, and call the product the rectangle of those two colours." The 
following is given as a convenient method of multiplying: 

















Product + 152 4 7r — 2 





which shews the product of (5r —1) X (Sv 42.) (Here follow examples). 


sect, LET. 
On Division of Colours. 


* Write the dividend and divisor in one place, find numbers or colours or both, 
“such that when they are multiplied by the divisor, the product subtracted from 


' the dividend will leave no remainder. Those numbers or colours will be the 
‘squogient.” 





* In the Persian translation there is no algebraic notation, I mean to! translate ** the unknown” by x, “ the 


black” by y, and soon. And in like manner I have used the marks of multiplication, &c. instead of writing 
the words at length as they are in the Persian, 


C 
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SECT Ey. 
On the square of Colours : 


That is to say, the product arising from any thing multiplied by itself.” 
Examp:es. 


SECT. V. i 
On the Square Root of Colours. 


** To know the square root of a colour, find that which when it is multiplied by 
“itself the product subtracted from the colour whose root is required, will leave no 
“remainder. The rule is the same if there are other colours or numbers with 
* that colour." 

Erample. Required the square root of 1G:^--36 —48:r. The roots of 16° and 
36 are 4v and 6, and as 48v is — these two roots must have different signs. 
Suppose one + and the other —, multiply them and the product will be — 24; 
twice this is — 48r which was required. "The root then is --4v—6, or --6— Ad. 

Another Example. Required the square root of 9a^-- Ay* -- z^ 4- 19:y — Gi x — 
Ayz—6xr—4y+2s+1. Take the root of each square ; we have 3w, 2y, z, and 1. 
Multiply these quantities and dispose the products in the cells of a square. 





To find what sort of quantities these are: The product of x and y is +, there- 
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fore the factors are like, suppose them both —. The product of v and z is —, 
therefore the former having been supposed — the latter must be + because the 
factors must be different. 3. is the product of 32 and 1; and w being —, 1 must 
be +. The sorts thus found are to be placed in the cells accordingly. The sum 
of the products is the square whose root was required. If had been supposed 
+ the sorts would have been contrary, the reason of which is plain. 


CHAP. PW 
On SurpDs. 


Containing five sections. 


SECT. I. 
On Addition and Subtraction. 


To find the sum or difference of two surds; “a and 0 for instance. 

Rule. Call a +- b the greater surd; and i£ a X b is rational call @4/ad the less 
surd. The sum will be /(a4-5 4-2 /aD) *, and the difference (a+b—2Vab). 
If a X b is irrational the addition and subtraction are impossible. 

Example. Required the sum of 4/29 and 4/8; 9 +8 = 10 the greater surd. 
QxX$—16, V 16-4, 4X2-—8 the less surd. 10-78-18 and 10—8:-9. 4/18 
then will be the sum and 4/2 the difference. If one of the numbers is rational 
take its square and proceed according to the rule, and this must be attended to in 
multiplication and division, for on a number square with a number not square 
the opcration cannot be performed. 


ae qm 
Another Rule. Divide a by b and write Vr in two places In the first 


place add 1, and in the second subtract 1 ; then we shall havey/ ((V/ 7 +1)*X b) 


= av b md Vv (( 57 y Xb)-Va-— « b. If 7 is irrational the addition 


can only be made by writing the surds as they are, and the subtraction by writing 
the greater number 4- and the less —. 





* For (a 4- b -k2V ab) zz viazzy b. 


Crs 
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Secr. II. 
Ou Multiplication. 


Proceed according to the rules already given; but if one of the factors has 
numbers as dirhems or dinars, take their squares and go on with the operation. 

Example. Multiply v/34-5 by /24-V/34-vV/8. As 5 isof the square sort take 
its square, and arrange in a table thus: 

















| v/2 | V3 v8 
v3 | V6 | V9 | v/24 
v/25 | v/5om| 75 | sv^e00 
Product | 3+ M54 + V/450 4- V75 








In summing the terms of the product, if any square number is found, take its 
root. Here 9 is found and its root is 3. The rest of the terms being irrational, 
add such as can be added. 4/6--24—4/54. If this last were a square number 
its root should be extracted. 

Again, 4/50--4/200—4/450. No further addition is possible; the complete 
product therefore is 3-- V/54 d- 4/450 4- 75. 

Another rule to be observed is, if any of the terms which compose the factors 
can be added, take their sum and write it in the table instead of the terms of 
which itis formed. Thus in the last example 4/2 and 4/8 may be added. Write 
4/18 which is their sum in the table, and we shall have 
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| v3 | vis 

v3 | v/9 v 5À 
v/25 | v 15 V A50 
SEV 754- V/ 54 +450 


and the result is the same as before. 


Another Example. Multiply V3 +425 by V3 +v 12—5. Instead of 4/3 and 
Vig write their sum 4/27. Take the square of 5 it is 25, and this is negative 
notwithstanding the rule which says that whether the root is negative or affirma- 
tive the square shall be affirmative. Here the square must be of the same sort as 
the root. Multiply 4/27 — /25 by #3425. 





43 ve 





3:405 4-V/6075| —/625 





| —16 4- 4/300 





V/81—9 and 4/625—95. 25 being negative and 9 affirmative their sum is — 16, 
and the sum of + 4/675 and — 4/75 is + 4/300. Therefore (/3-- 4/95) X 
(V 34-/ 19—5) =—16 +4300, 
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Sect, III. 
On Division, 


Divide the dividend by the divisor, and if the quotient is found without a re- 
mainder the division is complete. When this cannot be done proceed as follows : 

When in the divisor there are both affirmative and negative terms, if there are 
niore of the former make one of them negative; if more of the latter make one 
of them affirmative. When all the terms are affirmative make one negative, and 
when all are negative make one affirmative. When the number of atfirmative 
terms is equal to that of the negative, it is optional to change one of them or not. 
Multiply the divisor (thus prepared) by the original divisor, and add the pro- 
ducts rejecting such quantities as destroy each other. Multiply the prepared 
divisor by the dividend, and divide the product of this multiplication by that of 
the former the result will be the quotient required. 


Evample. Let the dividend be that which was the product in the first example 
under the rule for multiplication, viz. 3 + 4/54 + 4/450 -- 4/75, and the divisor 
V/18 4- 4/3. 


7 150 54 
19 95, 590 = 95, 9 —9,9 =3, 25 — 3, Vos — 5, 
3 18 3 l 


the quotient then is 5 + 4/3. 


Another Example. Divide V9 + y 54 + 450 + 75 by 5 + 3. Make 
3 negative, and multiply 5 (or 4/95) — 4/3 by the divisor V25 + 4/8. 














| 495 | —U8 
+V3 147/75 | —V9 
$25 eviéns| —V75 
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v/75 occurring twice with opposite signs is destroyed. 4/695—95, /9=—3, 
c3—3-99—4/484* Multiply 4/25 — 4/3 by the dividend and we have 





+450 4775 


49 | 4/54 








E4350 | m E 











+v 1875 


«v hgóo 


+ 711250 

















Herc 4/295 aud 4/1350 are rejected. Find the sum of 4/27 and 4/1875 in this 
manner, 

1975 +27 — 1909, 44875 X 27 = 50085, y 50625 = 996 

$053€9—450, 1908— 45021459, 4/1459 —4./1875 -V 97. 

Next find the sum of 4/169 and 4/11950. 

1624-11950—11419, 162 11250=1899500, 

v 18225001350, 1850K@=2700, 11412—92700-—8712, 
vV/$719—4/11950—4/169. By the multiplication of the dividend we have found 
1459 and 8712. 

Divide these by 484 which was the result of the multiplication of the 
divisor, and we shall have 4/18, and 4/3 for the quotient required. If 4/73 is 
retained as correct, and 4/18 is considered as incorrect, instead of 4/18 other 
numbers may be found by the following rule *. 

Divide the incorrect number (meaning the number under the radical sign) by 
any square number which will divide it without a remainder, and note the quotient. 
Divide the root of that square number into as many parts as there are numbers 
required. Take the squares of these parts; multiply them by the quotient above 





* To resolve Ya into several parts, divide « by any square 23, and let & be resolved into as many parts, e, d, e, 
: a a 
&c. as may be required, Then ya = V (£e — V(£ d?) a4 V (E €*) &c. which may be proved by adding 


the quantities, 
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found, and the roots of the several products will be the remaining parts of the 
quotient required. 
hake 
oa | 
4/2 and 4/8 are the remaining parts of the quotient. 


v/9—3, 38— 1-2 l'—1L ?'Z41x9—8,4X2-—8 


SecT NM 
On the Squares of Surds. 


Multiply the surds by themselves.—(Here follow examples).—The squares are 
found by multiplying the surds in the common way. 


S ECT. 
On finding the Square Roots of the Squares of Surds * 


** If the square is of one surd or more, and I would find its root ; first I take the 
* square of the numbers that are with it, and subtract these squares from it. 
* Accordingly after subtraction something may remain. I take the root of what- 
‘ever remains, add it in one place to the original number, and in another sub- 
* tract it from the same. Halve both the results, and two roots will be obtained. 
** [ then re-examine the squares of the surds to know whether any square remains 








—— 


+ Leta t bt V/c V/d, &e. be the square of a multinomial surd, a the sum of the squares of the roots, and 
Mb a Ve 4p yd &c. the product of the roots taken two and two. The number of roots being n, the num- 
ber of terms in the square will be x2, of which z will be the number of rational terms, and 2? — z the number of 





; ni— : 
surd produets. If we call the double products single terms, will express the number of surd terms, 


and considering the sum of the rational terms as oneterm, the proposed square may be reduced to the form 

(x y tet Ae) + (yxy + Axe + Kc.) H- CY yz + &c. &c.) 
where yx + yyt V/z-F &c. is the root of the square, and the surd &erms of the square are divided into 
periods of 4 — 1, n — 2, 1 — 3, &e, as directed in the Beej Gunnit. 


Supposing x + y + z + &c. = Q 
y 4-2 kc. = 

ze SCS 
&c. «e 


ae = 
V/ 35r —iu y «or fp 
Roe y/(R*— 4ys) — 
A Sta L yy or ys 
+e 4 am Åy 
pe yz or &c. and so on. 
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‘after the subtraction or not: if none remains these two are the roots required ; 
‘if any remains, that one of these two roots, to which the following rule cannot 
‘‘ be applied, is correct, and the other is the sum of two roots; from that root we 
“obtain the two roots required. The way of the operation is this, suppose that 
** root number, and take its square, and subtract from it the square which was 
“ not subtracted at first, and take the root of the remainder; let this be added in 
** one place to the original number which we supposed, and subtracted from it in 
‘another place, and halve both the results, two roots will be obtained. If then 
“ these three are the roots required, the operation is ended, otherwise go on with 
«< it in the same manner till all the roots are found; and if the first question is 
“ofa number without a square of a surd, it may be solved by the operatiou 
* which was described at the end of division. And if in the square there are one 
“ or more surds negative, suppose them affirmative, and proceed to the end with 
“ the operation ; and of the two roots found let one be negative.” 


tequired the root of 5 4- 4/ 24$; 5* — 95, 05 — 04 2 1, /1—21,5-4-1— 6; 
6 
5304, = Sand So; and 4/3 +728 = V (5424). 


o 
Another Example, Required the root of 10+/24 + 4/40 4-4/60 ; 10*=100, 
100— (244-40) = 36, 4/36 = 6, 10 4-6 —16, 16—6 — 4, cue —8,* = 2, then 
we have 4/8 and 4/2. As 60 remains to be subtracted, one of these two numbers 
is one term of the root, and the other is the sum of two remaining terms 
(should be the root of the sum of the squares of the remaining terms). The rule 
is not applicable to 2, therefore 8 must be the sum of the terms. 8° = 64, 


0 D 
64—60 = 4, /4z—9, 8+2=10, 8— 26 ES = jane = = 3. Wherefore 4/9 4- 


3 ail) 


V3 T V5 = v (104- f 24 4-/10 4-/60). 


Another Example. Required the root of 16 + 4/24 + 4/40 + 4/48 + 4/60 
+/724-/190; 16°=2956, 256—(944404-48) = 144, 414412, 164+19=68, 

o8 4 

16—12=4, > = 14, ; 


apply to 2, 14 must be the sum of two remaining terms of the "» 14°= 196, 


196— (1904-79) —4, W422, 14-+2=16, 14—2=12, 2 —6. One surd 


— 2; we have then /14 and 4/2. As the rule docs not 


remaining, and the rule not being applicable to 6, 8 must be the sum of two 
D 
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6 
remus. 8 —64, 64—00=4, 4/49, 8+2=—10, s-2=6, -7 = 5, and 5 = 3 


All the terms of the square having been brought down, the complete ath is 
VE+VS+V3E+°YE. 
Another Example. dm the root of 72: 72^ 5184,09  —0, 5184—0—5184; 


0 
v 5184—72, 724-72 — 144, 72—72 —0, suit = 72, -=0, 4/792 then is the root. 


? o 


E" 9 
If instead of one term three terms are required, find them by the rule 
given in the section on division; divide by 36 tle is a square number, 


78 
72 — o //36—6, D OX EMEN p. 2 =A 1, 9X E P TIP e s 


^ 


1 X — —2; therefore /79—4/18-4-V/84- 72. If three equal terms had been 


required, the root of the divisor must have been divided into three equal parts. 
Another Evample. 1t is required to find the difference of 4/3 and 4/7. The 
rule not being applicable to this case, suppose 7 affirmative, and 4/3 negative, 
the square of these numbers is 10—4/84. To determine the root of this, suppose 
84 to be positive; 10°= 100, 100—84—16, 4/16 = 4, 102-414, 10—4 26, 


14 6 


ES =y, z= 3. We have then 7 and 4/3, one of which must be minus because 


v/84 was minis. 

Another Example. Whether the root is --4/2-4-4/3— V/5 or —V/2—44/34-/5 
the square will be the same, viz. 104-/24—4/40—4/060. 

Let the root of this square be determined: 10* == 100, 100 — (40 + 60) = 0, 


v/0z0, 104-0210, 10—0=10, * Ez AO en s. As 4/94 remains, 5* = 95, 
T E. . G 1 
glue T, 47 | = ie 1 6, 5—1=4,-= 3, = = 2. If 24 + 40 is sub- 
NS 16 4 
tracted from 100 there remains 36, V 36—6,104-6—16, 10—6—4, 278955-2 


As 60 remains $*—64, 64— 6024, /4—2, 84-2— 10, s—2=6, LT = 


C2 


If 24 + 60 is subtracted from 100 there remains 16. vV/16—4, 10+4=14, 
14 6 - 
10—4=6, d E a? v/40 yet remaining, 7° = 49, 49—40-—9, vV 923, 


, 
7 + 3= 10, 7 — 3224 —=5,-=9, The terms of the root are v/9 and 


[91 
nmt 
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4/3 and 4/5. If 2 and 5, or3 and 5 are both negative or both affirmative the oper- 
ation will be the same; the only difference will be in the sigus. 

« If the root consists of one term* only, its square will be of the kind of 
“number; if of two ternis, its square will be number and one surd ; if the root 
“ has three terms, the square will have one number and three surds; if it has four, 
* the square will have one number and six surds; if five, one number and ten 
* surds ; and if six, one number and fifteen surds. The ruleis, add the numbers 
* in the natural scale, from 1 to the number next below that which expresses 
** the number of terms in the root, the sum will shew the number of surds. For 
“the use of beginners is annexed a table in which the first column shews the 
* number of terms of the roots; the second column shews the number of surd 
" terms in the squares; and the third the number of rational terms in the 


“ squares, from 1 to 9. 







; . |No. of rational 
No. of termsin| No. of surdsinjterms in the 
the root. the square. | squares. 








4? — 
2 





: m. CIT : 
* The number of surd terms in the square being , is = the sum of thé numbers in the natural scale 


from I to the number next below z, 
D 2 


as INTRODUCTION. 


* For numbers consisting of more terms than 9 the number of surds in the 
‘€ squares may be found by the rule which has been given. Ifin the square there 
“ are three surd terms, first subtract two of them from the square of the numbers 
‘and afterwards subtract the third. If there are six surds, first subtract 3, then 
* o, and soon; if there are 10 surdis, first subtract 4; if 15, first 5; if 21, first 6; 
“if 08, first 7; if 36, first 8; and in general the number of surds of the square 
* will be found in the table in the coluinn of roots next above the number 
‘ofits root. Ifthey are not subtracted in the regular order, the result will be 
* wrong. The test of the operation of this: if either of the two numbers found 
“ by the rule is multiplied by 4, and the number which was subtracted from the 
^ square of the rational term is divided by the product, the quotient will be the 
* other number found, without any remainder. If either of those two numbers 
is a correct term of the root, and the other the sum of two roots, the least, or 
that which is the correct term, whether in number it be more or less than the 
number of the sum of two roots, must be multiplied by 4, and every quantity 
that has been subtracted must be divided by the products, the quotient will be 
the numbers of the required roots from the second number. If, after this divi- 
sion, there is any remainder the operation is wrong. 

** Tle squares of all moofrid numbers* are made up either of rational numbers 
alone, or of rational numbers and surds, as has been seen in the examples of the 
section on squares. 

** If a surd occurs there must be a moofrid number with it, otherwise its root 
‘cannot be found. If a surd is divided into two:— For example, if 4/18 is 
divided into 4/2 and 4/8, its root will have one term more than it would have 
had regularly; and if two surds are united the root will have one term less. 
These two operations of separation and union must be attended to and applied 
'* whenever they are possible.” 

Example. Required the root of 10 + 4/39 + 4/24 -- 4/8. From the square 
of 10 which is 100, subtract any two of the numbers under the radical signs, and 
the remainder will be irrational: the case is, therefore impossible. If we proceed 
contrary to the rule, by subtracting at ouce the three terms from 100, we shall 


have 36 the remainder, then 4/36 —6, 10--6— 16, 10—6—4, E —-gi-c 9, We 


O 27 oO 
wad at 


- 
ex 


LAY 
n 


$e 





* Moofrid means simple as opposed to compound, but in the language of this science it is generally used to 
express a number having one significant figures 
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find then 4/8 and 4/2, but these are not the true roots, for their square ts 18. 
If we proceed contrary to the rule by finding a surd equal to two of the surds, 
as 4/79, which is the sum of 4/39 and 4/8, and extracting the root of 10+ 
79 4-/24 we shall have for the two roots 6 and 4/4, but their square is not 
equal to the quantity whose root was required. The foregoing rules are illustrated 
by four more examples, which conclude this chapter. 


Colla P aad. 


“ To find the value of an unknown number, such that when it is multiplied by 
* à known number, and tlie product increased by a known number, and the sum 
* divided by a known number, nothing remains. Call the number by which the 
“unknown number is multiplied the dividend, the number which is added the 
“augment, and that by which the sum is divided the divisor. Find a number 
* which will divide these three numbers without a remainder. Perform the divi- 
“sion, and write the three quotients, giving each the same designation as the 
** number from which it was derived. Divide the dividend by the divisor, and 
* the divisor by the remainder of the dividend, and the remainder of the divi- 
“ dend by the remainder of the divisor, and so on till one remains. Then let the 
** division be discontinued. Arrange all the quotients in a line, write the augment 
* below the line, and a cipher below the augment. Multiply the number above 
* the cipher; that is to say, the augment, by the number immediately above it, 
‘and to the product add the cipher. Multiply the number thus found by the 
number next above in the line, and to the product add the number above the 
“ cipher, and so on till all the numbers in the line are exhausted. If of the two 
“ numbers last found, the lower is applied according to the question, the number 
* above will be the quotient. 

“To find the least values. Divide the value of y by a and call the remainder y. 
* Divide the value of v by ð and call the remainder v. Multiply a by the value 
* of v and to the product add c. Divide the sum by 8 and the quotient will be 
* y without any remainder. And if to the first remainder we add @ again and 
* again, and to the second remainder b as many times, we shall have new values 
“of wand y. : 

“ This rule is applicable only when the number of quotients is even; when itis 





* The rules given in this chapter are in effect the same as those which have been given by the modern 
European Algebraists for the solution of indeterminate problems of the first degree. Compare them with the 
process by continued fractions, 
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* odd proceed as follows. Ifaving performed the operations directed above, sub- 
* tract the value of y from a and that of v from b. Ifa number cannot be found 
' * to divide a, b, and c, without a remainder, but a number can be found to divide 
«aand c withonta remainder, (supposing the reduction of these two instead of 
** that of the three which was directed by the foregoing rule) » will be brought 
“out right and y wrong. To find y right, multiply its value now found by the 
* divisor of a and c, and the product will be the true value of y. If cand bù only 
“ can be reduced by a common divisor, the value of w must be multiplied by the 
‘common divisor, and the quotient will be the true value of 2. When c is — sub- 
 tlactathe valucustetett Ome .aAnd.that.of qu fuonuos 

‘Tf the subtraction is possible let it be done, and the question is solved; if it 
*f js impossible suppose the excess of the subtrahend above the minuend to be 
“negative. Multiply the minuend by a number, so that the product may be 
* oreater than the negative quantity. From this product subtract the negative 
** quantity, and the remainder will be the number required. i 

* When ais — the same rule is to be observed ; that is, subtract the values of æ 
‘and y from Panda, Ifc is + and greater than 6 reject b, and its multiples from 
** c till a number less than J remains. Note the number of times that d 1s rejected 
** from c; if there will be no remainder after rejection it is unnecessary to reject. 
* Go on with the operation, add the number of rejections to the value of y and 
‘the sum will be its true value. The value of w will remain as before. If cis — 
t subtract the number of rejections from the value of y. If a and c are greater 
“ than à reject b (or its multiples) from both; call the two remainders a and c 
‘and proceed; v will come out right and y wrong. If there is no augment, or 
“ if c divided by ô leaves no remainder, w will be = 0, and y the quotient. If 
=the numbers are not reduced, but the quotients are taken from original num- 
“ bers, 2 and y will always be brought out right. If the numbers are reduced, 
* vand y will be brought out right only when both are reduced, and but one of 
“ them will be brought out right when both are not reduced.” 


Example. a= 991, c = 65, b = 195, dividing these numbers by 13 we 
have, a = 17, ¢ = 5, b'= 15. Divide 17 by 15 (as above directed) continu- 
ing the division till the remainder is 1. The quotients are 1 and 7, write 
these in a line with c below them, and O below c^ thus: 
Multiply 5 by 7 the product is 35, add 0 the sum is 35. Mul- x 
tiply 35 by 1 the product is 35, add 5 the sum is 40. The two 5 
last numbers then are 40 and 35. From 40 throw out 17 twice, 0 


40 
55 
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6 remains; from 35 throw out 15 twice, 5 remains; therefore v = 5 and ME 6. 
aQ1 X 5 + 65 A 

—— m6. 17 +6= 23 isa new value of y, and 15 + 5 = 20 a corres- 
ponding value of z, 2 X 17 + 6 = 40 is another value of y, and 2 X 15 + 5—35 
a value of v. In like manner we shall have 3x 174-657 and 5x154 50 
new values of y and v, and so on without end. 

Another Example. a —100, 5—63, c—90; c being + or —. Although in this 
case 10 is a common divisor of a and c, yet as the reduction would give a wrong 
value of y, write a, b and c as they are, and proceed. We find the quotients 
1, 1, 1, 2, 2, 1. Arrange them ina line with c below the last, and 0 below c, 


in this manner: 


We have then 
1x00 e+ 0 €— 90 
2X90 +90 = 
92 x 270" + 90 = 6350 
1 X 630 + 270 = 900 
1 X 900 + 680 = 1530 
1 X 1530 + 900 = 2430. 

The two last numbers are 1530 and 2430, divide the former by 63 and the 
latter by 100; the remainders are 18 and 30, therefore v= 18 and y = 30, 
100 x 18 + 90 
= pL — = 30. 

By another method. Divide 100 and 90 by 10, then a' = 13, 0 — 63, č = 9; 


The quotients are now found 0, 6, 3, write them in a line with c^ and O below; 


we have 
S OTT +0 = 97 
6 X87 + 9m 
O X 171 + 27 = 27. 
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The two last numbers are 97 and 171. From 97 throw out 10 twice, 7 Tre- 
mains: from 171 throw out 63 twice, 45 remains. The number of quotients 
being odd, subtract 45 from 93, the remainder 18 is the value of zx. 7 sub- 
tracted from 10 gives 3 for y, which is not the true value. ‘To find y correct, 
multiply 3 by the common divisor 10, the product 30 will be the true value 
of y. 

Another way of solving the same question is this, find a common divisor of 
b and c, for example, 9. Dividing b and c by 9 we have a = 100, 0’ = 7, ¢= 10. 
Perform the division and arrange the quotients in a line with c and 0 below, the 
quotients will be found 14 and 3, then 

3 < 1077 0 — 30 
14 X 30 + 10 = 430. 

From 430 throw out 100 four times, 30 remains. Here we have found a true 
value of y and a wrong value of x Multiply 2 by the common divisor 9, and 
the product 18 is the true value of v. This question may also be solved by first 
taking a common divisor of a and c, and afterwards a common divisor of b and c, 
as follows: 

Reducing a and c we have a’ = 10, c^ = 9, and à = 63. Reducing b and c we 
have a = 100, c' = 10, b% — 7. Unite the reduced numbers thus; a = 10, 
b = 7; butc having undergone two reductions *, take the difference of the 
numbers arising from the two operations; then œ = 10; b° — 7, c' = 1, divide 
and arrange the quotients with c’ and 0, as above directed, and we shall have 

9x 140-0229 
1.X Q2" I1 

3 and 2 are now found for v» and y, but they are both wrong, for c was re- 
duced both with P and a. 2 must be multiplied by 9 the common divisor of b 
and c, and 3 must be multiplied by 10 the common divisor of a and c; the true 
values will be 2 = 18, y = 30; and new values of y and x may be had by adding 
a and b again and again to those already found. 











axe 42 2c 
ax zc jM 4 p. ptp 
*Le——y, divide a and c by p, then ? =, whence P - P — x, now divide å and = 
P 
e X UNE 
q^ pe» 


x ] . . : . 
by q; then £ — P £7 — m" Taking tke difference is only true in this case, because pg = c, and p g =). 
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"^ 
What has been said is applicable only when c is +. When cis —, subtract 
18, which is the value of x, from 63, the remainder is 45 ; subtract 50, which is 
the valueof y from 100, there remains 70. We have in this case » = 45, y = 70. 
By adding a and b as above, new values of x and y may be found. 


Another Example. Suppose a = — 60, b = 13, and c = 3 + or —. Without 
making any reduction, divide, and place the quotients with c and O as before, 


we have 1x 83+02 S 
T Xx oe oo 
] X 6 so 9 
lx Jr) 


4x 15 + 9 = 69. 

The last numbers are 69 and 15. From 69 throw out 60, 9 remains; from 15 
throw out 13, 2 remains. The number of quotients being odd, subtract the 
value of « from 13, and that of y from 60, the remainders are 11 and 51. As —— 
60 is — the subtraction must be repeated, by which means we have as before 
v = 2andy=9. Ifcis — subtract the value of v from b and that of y from a, 
and we shall have again v = 11 and y = 51. 


Another Example. a= 18, b — 11, c = — 10. Divide and arrange the quo- 
tients as before, we have rex TO + Oe 
1 X 10 + 10 = 90 
" 1 x 20 + 10 = 30 
LX "40 £ 20 = 50. 
From 50 reject 18, and from 30, 11; the remainders are 14and 8. c being — 
subtract 8 from 11 and 14 from 18; whence wv = 8 only zs 


Another Bgample. a= 5, b = 3, c — 93. Proceeding as before, we shall 
have 1 du PNIS aea 
1 X 9293 + 25 — 40. 


As 3 can be rejected but 7 times from 23, reject 5, 7 times from 46, the re- 
mainders are 2 and 11. If cis — subtract 2 from 3 there remains ], and 1] 
from 5 there remains —6. Here twice 5 must be added to — 6, the sum 4 is 
the value of y: and that the numbers may correspond add twice 5 to 1; the sum 
7 is the value of v, If c is greater than b, reject b from c. Throw out 3 seven 

E 
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times from 23, there remains 2. Make c’ = 2 and place it with O under the line 
of quotients, we find ux get o =e 
1X 9-4 9 — 4. 

2 is the true value of x, and 4 which is found for the value of y is wrong. Add 
7 the divisor of c to 4, the sum 11 is the true value of y. Ifcis — subtract 2 
from 3, and 4 from 5, and we shall have 1for the value of v which is right, and 1 
for the value of y which is wrong. Subtract 7 from the value of y, the difference 
is — 6; add twice 5 to — 6, and we shall have 4 the true value of y. 

That the numbers may correspond, twice 3 must in like manner be added to 1, 
and 7 will be the true value of x. 


eInotheroEremple. a = 5, 648; c — 6, or C05. the quotients are 0, 2, 
1, 1; place them in a line with c and 0 below, we shall have 


1K O"" 0. —90 
1X O0 + O 0 
ex 10 -+ Ox 0 
GX 0 TT 0g 


Add 5 to 0, which stands for the value of y, and 13 to that which stands for 
tlie value of «, wehavethen y = 5 and @i— lo. In the second casgi —o, 02-14, 
c= 65. As b measures c, v will be found = Oand y = 0. To the value of y 
add 5, which is the number of times 4 is rejected from c, and this will give a 


0 + 65 : — 
correct value of y, for aA = 5. Adding 13 to O which is the value of 
x, we shall have v = 13, and adding 5 to 5 which is the value of y, y = 10, 
conie! +05, 219. j 


13 
Another method is to suppose c = 1, and proceed as above directed. Multiply 
the values of v and y, which will be so found by c, rejecting « from the value 
of y and b from that of v, the remainders will be the numbers required. 


Example. a= 291, b = 195, c — 65; dividing these numbers by 13, their 
common divisor, we have a’ = 17, & = 15, c' = 5. For 5 write one, and 
finding the quotients as above, arrange them with 1 and 0 below, then 

7x1490.—7 
1x7+1=8 
Multiply 8 and 7 by 5, the products are 40 and 35 ; rejecting 17 twice from 40, 





Ld 
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and 15 twice from 35, the remainders are 6 and 5; whence v = 5 and i.m 6, 
Ifcis — subtract 7 from 15 and 8 from 17, 8 and 9 remain. Multiply these 
numbers by 5, the products are 40 and 45; 15aud 17 being twice rejected, 
vr 2:10 and y — 11. By subtracting 6 from 17, and 5 from 15, the same 
numbers will be found. 

** Know that the operation of the multiplicand is of nse in many examples *, 
‘as, if by the rule I shall have brought it out and any one destroys it, and some 
* remains ; by the operation of the multiplicand, I can determine the numbers 
“ which have been destroyed from that which remains. 

** [n the operation of the multiplicand of a mixed nature, the multiplicand is 
** of another kind, and it is called the multiplicand of addition, and that relates 
“to determining the value of an unknown number, which being multiplied by 
“a known number, and the product divided by a known number, there will re- 
“ main a known number: and again, if the same unknown number is multiplied 
“ by another number, and the product divided by the former divisor, the re- 
** mainder after division will be another number. Call the numbers by which the 
* unknown is multiplied the multiplicand, and that by which it is divided the 
“ divisor, and that which is left after division the remainder. Here then are two 
E: multiplicands, one divisor and two remainders. The method of solution is as 
“follows: add the two multiplicands together and call the sum the dividend. 
* Add the two remainders and call the sum the augment negative; leave the 
“ divisor as it is; then proceed according to the rules which have been given: 
** but the values of x and y must be subtracted from 6 and a, x will be found 


: As ~ oe 
** right, and y wrong. 


AY 
eMC 7, == 10, eE 14, d = 63, 5746 and = = 


—etc Ata@— 15, +c =@l, we have now a=15, & = 63, c = 


TT A Se PPPs) 


* At this place Mr, Burrow's copy has “ and besides this it is of great nse in determining the signs and 
* minutes and seconds." And in the margin there is an example by the same cominentator, apparently thus : 
* [give an example which comes under this rule; a star makes 37 revolutions of the heavens in 49 days and 
** nights; how many will it make in 17 days?" Then the writer goes on to say the answer is 12 rev., 10 sa 1*, 


13', 28" $z, which is got I suppose by proportion. Now he adds, ** if all this were lost except 4$ it might be res 








z ; 60 x — 
stored by the rule. He then gives the equation - ^ s = y from which x is found = 23 and y = 28”, 
601—23 a, , ; 
then from ————— = y he finds a’ andy’, and so on till the whole is had. 


49 
E 9 
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4X 7 +0 = 28 -—-- * - seh eg 
—21, we find 0 and 4 | SNP D 7 — 529,954 9] 5 5 — 2- 5 
wrong; 91 —7 = 14 = v right; for multiplying 14 by 5 the produet is 70, 
which being divided by 63 leaves the remainder 7; aud multiplying 14 by 10, 


and dividing the product by 63, the remainder 14 is obtained. 


CHAP. VI. 


** On * the operation of multiplication of the square; aud that relates to the 
“ knowing of a square, such that when it is multiplied by a number, and to the 
“ product a number is added, the sum will be a square. 

** In this question then there are two squares, one less and the other greater, 
* and a multiplicand and an augment. From the multiplicand and augment 
“known, the two unknown squares are to be found. The method of solution 
“is this: Assume a number and call it the less root; take its square and mul- 
* tiply it by the multiplicand, and find a number which when added to it or 
“ subtracted from it will be a square; then take its root and call it the greater 
* root; Write on a horizontal line these three, the less and greater roots, and the 
* number which was assumed. as the augment. And again write such another 
“line under the former so that every number may be written twice, once 
‘above and below; then multiply crossways the two greater roots by the two 
* less; then take the sum of the two and call it the less root; then take the 
“ rectangle of the two less roots and multiply it by the multiplicand, add the 








* The rules at the beginning of this chapter for the general solution of Ax?-F 5—7? are, as they stand in the 
Persian, to this purport: Find A/?--6 =¢?, where f, 8, and g may be any numbers which will satisfy the equa- 
tion. Make x’ = fg + fe andy = A/f t gg, and g'= BB. Then aa’? + 9' =y; and making x" = a'g + yh 
and y" = axf + y'g, and f$" — glg, or a" = a'g — yf and y' — yg — ax, we have ax"? + p= 3, 


fe" 7 B then = B, andifg” Z s, then g"p?= n, but in the first case the values of x" and 4” must be 


divided, and in the second case multiplied by p. In this way, by the cross multiplication of the numbers, new 


solutions are had for ax? + B= y^. When g= 1 and &' = s the rule is the same as Fermat’s proposition, which 


first was applied in this manner by Euler for finding new values of x and y in the equation Aa’ -- b = y?. (See 





: Mon : M 2 
the investigation of this method in his algebra.) If Ax? -p B= y7, then x = a 1 "o being any number; 





this expression is true only when B = I. In that case a( ay +1 = (5 ac iy which is the same as 


Lord Brouncker's solution of Fermat's problem. 


~ 
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“ product to the rectangle of the two greater roots, the result will be the greater 
“ root, and the rectangie of the two augments will be the augment. 

** And to find another square in the same condition write on a horizontal line 
“the less root and the greater root, and the augment, which have been found, 
“ below the less and greater roots, and the agument which were assumed. Per- 
“form the same operations as before, and what was required will be obtained. 

* And another method in the operation is, after multiplying crossways to take 
.'* the difference of the two greater roots, it will be the less root. And having 
“ multiplied the rectangle of the two less roots by the multiplicand, note the pro- 
* duct; then take the rectangle of the two greater roots, and the difference of 
* these two will be the greater root. 

** And know that this augment, that is, the augment of the operation, if it is 
“the same as the original augment, is what was required. Otherwise, if it is 
“ ereater, divide it by the square of an assumed number, that the original aug- 
“ment may be obtained. If it is less multiply it by the square of an assumed 
** number, that the original augment may be obtained. And that they may corres- 
“ pond in the first case divide the greater and less roots, by that assumed number, 
‘and in the second case multiply them by the same number. 

“ And a third method is this: Assume a number and divide its double by the 
“ difference of the multiplieand and its square, the less root will be obtained. 
“ And if we multiply the square of it by the multiplicand, and add the augment 
“ to the result, the root of the sum will be the greater root. 


Evample*. — ** What square is that which being multiplied by 8, and the pro- 
“ duct increased by 1, will bea square. Here then are two squares, one less and 
“ one greater, and 38 is the multiplicand and 1 the augment, Suppose 1 the less 
* root, its square which is 1 we multiply by 8; itis 8. We find 1 which added 
“to 8 will be a square, that is 9. Let its root which is 3 be the greater 
e Tout: Write these three, that is to say, the less and greater roots, and the 








* To find x and yso that 8x? +1 = y*. Suppose/—1, andsf* g= 0. Let g=1, then $/ *F1—9—3? ; 
3X l4-3x1262—5x. 1X1X8+3X3=!lT=y, 1X1=1 the augment; 1 being the original augment there is no 
occasion to carry the operation farther. 8: 36 4- 12289 77, For new values, 3 X 6--1 x I2 2235 x, 


LX 6XS8cT3x11299— y. 1X i=l the augment. 3 X 35? -- 1 = 9801 =99?. In like manner more values 
may be found. 
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‘augment on a horizontal line; and write these numbers below in the same 
* manner, thus: 











* Multiply the two greater roots crossways by the two less, it is the same as it 
* was before ; add the two, it 1s 6; and this is the less root. Take the rectangle of 
«w the two less roots, it is 1. Multiply it by 8, it is the same 8; add it to the rect- 
* angle of the two greater roots, that is 9; it is 17, and this is the greater root. 
‘Take the rectangle of the two augments; itis 1. As it is according to the ori- 
** ginal there is no occasion to work for the original augment. The square re- 
“ quired is 36, which multiplied by 8 is 288; adding 1 it becomes 289, and this 
* isa square whose root is 17. Again, to find a number under the same con- 
* ditions. Below the less and greater roots and first augment, write the less and 
«€ greater roots and augment which have been obtained by the operation, thus: 





Less Greater | Augment 


a6 a 


6 ol 1 








* Multiply crossways the two greater aud the two less roots, that is 3 by 6, 
and 17 by 1, it is thus: 





Less | Greater 





Augment 


7: - 
6 | 1 "Cu 











NTRODUC 3 
- a INTRODUCTION, 9 


« Add the two greater roots; it is 35, and this is the less root. Take the rect- 
“ angle of the two less roots; itis 6. Multiply it by 8, the multiplicand; acd the 
* product which is 48 to the rectangle of the two greater roots 3 and 17, which 
“is 51, itis 99, and this is the greater root. Take the rectangle of the two 
* augments; it is the original augment ; for when the square of 35, which is 1925, 
‘is multiplied by 8, it will be 9800; adding 1 it will be a square, viz. 9801, the 
* root of which is 99. In like manner if the two roots and the augment are 
‘‘ written below the two roots and the other angment; like 6 and 17 and 1, and 
* the operation is performed we shall find what we require, and another number 
** will be obtained. 


Another Evample. “ What square is that which being multiplied by 11, and 
* the product increased by 1, will be a square *? Suppose ! the less root, and 
** multiply its square, which is 1 by 11; itis 1I. Find a number which being 
“ subtracted from it, the remainder will be a square: Let the number be 2; this 


* then is the negative augment, and 3 which is the root of 9 is the greater root. 
« Write it thus: i j 





~ Less 





* 
Greater | Augment 
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* |1x?-. 122 y?. Supposef= 1 and lif?7—B=. Letgzz2. 11% 1 9932, 3% 1+-2% 122 6x. 
4 
15 ioe sks zz 20 zm y, —2X—2S+4. |= 1 the original augment. 


20 a t 
"Therefore g7l0-yl-3-x For 11 x 9 + 1 = 100 — 107, 


Another way. Suppose f= 1 and 11 f2+6= 0]. Let@= 5. 11 x 1--5z216-—4*. 4X 123-4 X 1— 8 mx. 





8 27 Dono OTN? 
1x1xll4 4x 4 =27 =y 5x 5=25 the augment. ml: y ux (5 tiss = {—/}. 
2 5 25° *3 
27 161 54 
For new values, 10 x Í 43x t= =. 3 xi xa X m. m - LX1=!, the augment. 
16} 285156 534 \2 80 ] 210 24 6 
11x (= pum E= E =(= By the second method, oS Sm — 11 z= 


36 6\? 
1l the augment. 11x GY Tick 257 ($) e In the same way other values may be found, : 
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« Multiply crossways, and add the two greater, it is 6; and this is the less 
“root. Take therectangle of the two less roots ; it is 1. Multiply by 11; it is 11. 
* Add it to the rectangle of the two greater which is 9; it is 20, and this is the 
* greater root. ‘Take the rectangle of the augments, it is 4 affirmative. Now 
** we have found a number such that when we divide this number by the square 
“of that, the quotient will be the original augment. We have found 2 and per- 
** formed the operation ; 1 is obtained. And we divide the greater root which 
“is 20 by 2, 10 is the greater root. And we divide the less root, 3 is the less 
“root, For if the square of 3 which is 9 is multiplied by 11, it will be 99, and 
* when we add 1 it will be 100, and this is the square of 10 which was the 
** greater root, 


* Another method is, suppose 1 the less root, and multiply its square by 11, 


“itis 11. We find 5 which being added to it will be a square, that is 16; its root 
** which is 4 is the greater root, thus: 





Less 





Greater | Augment 








** After multiplying crossways, add the two rectangles; it is 8, and this is the 
** Jess root, and the rectangle of the two less ; which is 1 we multiply by 11, it is 
* 11; add it to the rectangle of the two greater which is 16; it is 27, and this is 
“the greater root. And from the rectangle of the augments, 25 augment is 
* obtained, We have found an assumed number 5, such that when the aug- 
‘Siment is divided by its square the quotient will be 1. And for correspondence 
** we divide 8 by 5; 8 fifths is the less root. And we divide 27 by 5; 97-fifths 
** js obtained for the greater root. For multiplying the square of 8-fifths, that is 
** 64 twenty fifth parts by 11, it is 704 twenty fifth parts; add 1 integer that is 
* 95. It is 729 of the abovementioned denomination. And to find other 
* numbers under the same conditions, write the two roots and the other augment 
‘below these two roots and augment, and that is on the supposition of 3 and 10 
** and 1, which were obtained before, thus: | 


A 
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Greater Augment 





* After multiplying crossways, add the two rectangles, it is 161-fifths, and 
** this is the less root. Multiply the less rectangle, which is 24-fiftls, by 11, it is 
** 264; add it to the rectangle of the two greater, which is 270-fitths, it is 534- 
** fifths, and this is the greater root. Take the rectangle of the augments, it is 1. 
* Ihe operation is finished, for multiplying the square of 161-fifths, which is 
* 25921 twenty-fifth parts, by 11, it is 285151 twenty-fifth parts; add 95 that 
‘tis 1 integer, it is 285156, and this is the square of 534-fifths. 

* And by the second method. After multiplying crossways it is $1-fifths and 
** 80-fifths; the difference is 1-fifth, and this 1-fifth is the less root., Multiply the 
** rectangle of the two less, which is 24-fifths, by 11, it is 264-fifths; and the rect- 
* angle of the two greater is 270-fifths. Take the difference ; it is 6-fifths ; and 
“ this is the greater root; and 1 integer is the augment. The square of 1-fifth, 
“ which is 1 twenty-fifth part, multiplied by 11, is 11 twenty-fifth parts; add 25, 
* it is 36 twenty-fifth parts, the root of which is 6-fifths; and in like manner 
* any number which is wanted may be obtained. 


Example. “ Let the first question be solved by the third method * : Suppose 
s 3 the less root, and take the difference of its square and the multiplicand which 
« isS;itisl. Divide twice 3 by 1; it is G; and this is the less root. For mul- 
“ tiplying the square of this, which is 56, by 8, it is 288 ; add 1, it is 989, and 
“ this is a square, the root of which is 17, and this is the greater root. 

* Another method is what is called the operation of circulation T. To bring 





2x3 


—3=6=s 5036 -+ | = 2508 


* To solve the first question by the third method. Suppose r= 3, 





17°. ie == Y. 
* to mahe to go round, from to go round. This rule is, supposing ar? 4- 5 =p. a 
T ROS E , from 8 pposing Ax? 4- B=y°. Aand s 


being given to find a and y by the operation of circulation, Find /, 8 aud g so that af? -- 8 zz g*. Suppose . 
F 
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* out that which is required by the rule of the multiplicand. It is thus: After 
* supposing the less and greater roots and the augment, suppose the less root the 
* dividend, and the augment the divisor, and the’ greater root the augment. 

“ Then by the rule of the multiplicand which is passed, bring out the multipli- 
“cand and the quotient. If that number by whiclt the questioner multiplied tae 
* square can be subtracted from the square of this multiplicand, let it be done; 
** otherwise subtract the square of this multiplicand froin that number of the mul- 
* tiplicand. If a small number remains, well; if not increase the multipli- 
* cand thus: add the divisor again and again to the multiplicand as before 
‘explained, till it is so that you can subtract the number of the multipli- 
“cand from the square of it, or the square of it from the number of the mul- 
“tiplicand. Whatever remains we divide by the augiment'of the operation of 
‘multiplication of the square, and take the quotient which will be the augment 
'* of the operation of multiplication of the square. If then we shall have sub- 
“ tracted the multiplicand from the square, lct the quotient remain as it is: and 
* if we shall have subtracted the square from the multiplicand it will be contrary, 

“ that is, if negative it will become affirmative, and if affirmative negative ; and 
“that quotient whiclr was obtained by adding tlie dividend to the quotient, as 
‘many times as the divisor was added to the multiplicand, will be the less root ; 








J xil 
B 
be a take x? — a, or if not take A— x?*. If a small number remains it is well, otherwise take multiples 
of 8, and add them to the found value of x for a new value, till we have (8 + x)*— A, or A— (mê + x)?; 
divide this by 8, and if the square has been subtracted change the sign of the quotient. If instead of x the 
value zig + x has been used P cdi al value of v, mf + y must be taken: by substituting these values as 


follows: v, or mf 4 v= x, and = MP o, (E x ma = 8, we have the solution of this equation 


E — y and from the known numbers f, g, B, find x and v by the rules which have been given, If x? 





rane: " B 3 3i i 
Ax? += 7". If is neither = B nor to Bp? nor to 7 proceed as before. Let af” + Q'z g be a solution 


of ax? + g = y? where f", @ and g' are known. Suppose D = v'; proceed as before, and solutions 
2 n n n B 
will be had for ax” + 8' = y", and in like manner for A3? + B = 7? till g is found zz B or Bp? or —. 


The truth ofthis is plain, for as à and &— —- 


9 24- 9 9 
- UE +8) x S. gx + A (g?—8) ; but Af? + b= £^, and g° — B = af’, and therefore ax’ + p'= 


X?-— A s 
3 which 








uicit a 


A LI 
, we have ax? 4B zz A ( 


2x2 + 2 Af X ASK? ah cX-- Af V? s n D 
MER i = (=x) = 4”. This rule, though in some respects imperfect, is in 


principle the same as that for solving the problem in integers by the application of continued fractious, which 


was first given in Europe by De La Grange. i 
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“ and from the less root and the augment bring out the greater root. If then this 
* augment shall have been found a square *, the operation is finished ; for find 
‘¢a number by the square of which, if we divide this augment, the result will be 
“ the original augment, when this augment is greater than tlie original augment ; 
** or otherwise, if we multiply by it, the result will be the original augment, in 
“ the same manner as before. And if it is not a square perform the operation 
“ again in the same manner ; that is, supposing the less root the dividend, and 
* the augment the divisor and the greater root the augment ; and work as be- 
* fore till the original augment or tne augment of the square is found. 


Evample. ‘* What square is that which being multiplied by 67, and the pro- 
* duct increased by 1, will be a square T. Let, us suppose 1 the less root, mul- 











* [suppose it should be Bp? me ., I think it likely that this does not form a part of the original rule which 


seems to relate to integer values only. 

T 63-1 zy*. Suppose f= 1 and 8=—3, then 67 x t? —3 = (] = 64 —8?, we have now Af? 8—g*, 

[x +E 
3 








4 . 8 . . = 
where f= 1 and 8 = — 3, and g = 8. Suppose == Y; that is to say, = Y, reject twice 8 from 





. IX + 2 lins é " 
g we have 8 —2 x 3— 2 and work for x and v in Xt y Divide t by 3, as directed in the tast chapter. ^ 


a 


The quotient is 0, write under it 2 and 0, we find x —2 and y — 0. The number of quotients being odd, sub- 
tract the value of x from 8 aud that of y fionf..3—22512x,1—0-1-v. As was rejected twice from 
g, add 2 to the value of v. 1 +2 = 3 = Y we have now x = 1 and v —23. As we cannot subtract 67 from 1$; 
and as a greater number will remain if we subtract 1? from 67, add twice 8 to x for a new value of x, 2 3 a 
]2 12x x, and fora corresponding value of v add twice fto v. 2x t +3 =5= v. A —x? or 62 — 1? — 18. 


— = — 6., Aswe have taken à — x? we must change the sign of — 6, it becomes + 6 = 2, and y zx, we 
have now Ax? -4- 8 = $^, where a= 67, B= 6, and x = 5, Whence y = 41. Since pn zz 1 and 2 6 we pro- 


a CELNI 


E — 
ceed tofind & — s. Let af? + 8 s? where /' = 5, 8'— G, and g =4t. Make gU v', we shall 





find x'zz 41 and v'zc41. Subtfact /'G times from the value of yv, 4t —6: 5-510 = v', and subtract £' the 


49 
— 4 e". As 


same number af times from the value of x'..41 — 63622 5 =x’, A-—xN? or 61 — 5? 2549 : 
b 
z p c zu n - ~~ , h H " 
we have taken.A — x^? the sign of 7 must be changed. and — 7 = £', and 11 = w” =a"; therefore-Ax2 4 2" — 
y^, and y" = 90, 8" not being = s we must proceed as above. Let A/"? + 8’ = g”, where /"— 1, ez — vi 
L] 


| Hx^ 4-90 ae f : 
= Y, reject 7 twelve times [rom 90, 90 — 84 = 6, we shall find x” = 12, and 





and ye = 50. Make 


y"== 18. Subtract /" from the value of y" and 6" from thet of x", 18— 1127 =Y" 12-75 x. 
The number of quotients in the division of i1 by 7 being odd, subtract the value of Y" from f” and that of x” 
fram 8", tL — ; 254 zm y" 1—5—2—x*. As we cannot take 67 from 2?, and as a greater number remains, 
if we subtract 2? from 67, add £” once to x" for a new value of x", 7-229 = X^; x"? — A, or 9? — 67 = 14, 
14 i 
—7 


=—2= 8. As B” was rejected 12 times from g", 12 must be added to the value of v, 4 + 12— 16 = y", 


F2 » 
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“tiply it by 67, it is 67. Find 3 the number of the augment, which sub- 
“ tracted from 67 will leave a square, that is 64, the root of which is 8, and this 
“is the greater root. 1 then is the less root, and 8 the greater root, and 3 the 
“augment negative. If we wish to bring it out by the operation of circulation, let 
“us suppose 1 the dividend, and 8 the augment, and 3 the divisor As rejection 
* of the divisor from the augment is possible, reject it twice, 2 remains. Sup- 
** pose this the augment, take the numbers of the line, cipher is obtained. Write 
* under it 2 the augment and cipher. Perform the operation, the multiplicand is 
* found 2 and the quotient cipher. The number of the line being odd, subtract 
“ the multiplicand and the quotient from the divisor and the dividend, 1 and 1 
* are ohtained. As we rejected the divisor which is 3 from the augment which is 
“8, add 2 to the quotient, the quotient is 3 and the multiplicand 1. As we 
“ cannot subtract 67 which is the multiplicand of the operation of multiplication 
“ of the square, from the square of this multiplicand, and if we subtract the 
“ square of this from 67 a greater number remains; from necessity we add the 
** divisor, which is 3, twice to the multiplicand 1, it is 7; add the dividend to 
“the quotient itis 5. Subtract the square of 7, which is 49, from 67, 18 re- 
“mains. Divide by the augment of the operation of multiplication of the 
* square, which is 3 negative, 6 negative is the quotient. As the square has 
“ been subtracted from the multiplicand the negative becomes contrary ; it is 
* G affirmative, and this is the augment; and 5, which was the number of 
* the quotient, is the less root. Then bring out the greater root, from the less 
“ root and the augment, and the multiplicand 67, it is 41, Write them in order. 
** As 6 is the augment of the operation and 1 is the original augment, perform the 
‘operation again to find the original augment: that is to say, suppose 5 the 
** dividend, and 6 the divisor, and 41 the augment, and perform the operation of 
“the multiplicand, the multiplicand is found 41 and the quotient also 41. Sub- 
* tract 5, the dividend, 6 times from 41, the quotient, 11 remains; and subtract 
* 6 the same number of times from 41, the multiplicand, 5 remains; take its 





And as 8” was added once to the value of x" add f” to that of v", 11 4-16 = 27 = v" x". Now Af"? 4. a" — 
g'", because x"— £7, and 8” — — 2, therefore "= 221. Let af”? -p B” = g"?, where f" = 21, B" = —2, 
and g” == 221. Having now found 8”, which, multiplied by itself will be the augment of the square, (meaning, 
I suppose, = Bp*) apply the first rule of this chapter. a" zz ef " 22 11934, y” =g" te Af" 3— 91684, 8? — 4, 


"i 


g” ._ oqo ; 7 2 y" 2 
we find p = 2 such that z= B= l. Dividing Ax"? -p B" = y"? by p?, we have (4 7) Tl- A ) : 
and 67 x 5967? 4 1 = 488492% 
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** square, it is 25; subtract it from 67, 42 remains. Divide it by 6, the augment, 
* 7 is the quotient, and this is the augment. As we subtracted the square of the 
* multiplicand from 67, it is contrary ; 7 then is the augment negative; and 11 
* which is the quotient, the less root; bringing out the greater root, it is 90. 
** In this case too the original augment is not obtained. Again, perform the oper- 
* ation of the multiplicand; 11 is the dividend, 90 the augment, and 7 the di- 
“visor. The divisor cau be rejected 12 times from the augment; rejectit; 6 
“remains, Take the line, and perform the rest of the operation; 18 is the 
** quotient and 12 the multiplicand, thus: 





1 18 
1 12 
| 6. 
G 


* Subtract 11, the dividend, from 18, and 7, the divisor, from 12; 7 and 5 
“ are obtained, the quotient and the multiplicand. As the number of the line 
‘was odd subtract 7 from 11 and 5 from 7; 4 is the quotient and 2 the multi- 
* plicand. As we cannot subtract 67 from the square of 2; and after subtract- 
“ing the square of 2 from 67 a greater number remains, add once the divisor 
*« which is 7 to the dividend ; itis9. Subtract 67 from its square which is 81; 
* 14 remains. Divide by 7 the augment negative, 2 negative is the quotient, l 
“and this is the augment. Again, as we rejected 7 twelve times from the 
“augment, add 12 to the quotient which is 4; it is 16. And as we added 7 to 
“ 9 the multiplicand, add 11 to 16 the quotient; it is 27, and this is the less root. 
“ Find the greater root; it is 291. As an augment is obtained which, after being 
“ multiplied into itself, will be the augment of the square, we write this line 
“ below that, and multiply crossways in both places. From one cross multiplica- 
“ tion it is 5967, add these two; 11934 is obtained the less root. And the 
** greater root is 97684, and the augment is 4 affirmative. We have found 2 an 
“ assumed number, by the square of which, if we divide this augment of the 
“operation, the quotient will be 1, which is the original augment. In like 
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* manner we divide 11934 by 2, 5967 is the less root, and 48842 is the greater 


* 


“ root. 


Another Example. “ What square is that which being multiplied by 61, and 
** the product increased by 1, will be a square*. Let 1 be the less root; 8 is the 
* greater; and 3 the augment, affirmative. Applying the operation of the multi- 
“ plicand, it is thus: 





Dividend. Divisor. Augment. 


1 3 9 





“ Reject the divisor twice from the augment, 2 remains; and after the operation 
“2 the multiplicand, and cipher the quotient are obtained. As the line is odd 
* we subtract cipher from the dividend and 2 from the divisor. Itis 1 and 1. 
* As we rejected the divisor twice from the augment, we add 2 to the quotient. 
“The quotient is 3 and the multiplicand 1. If we subtract the square of the 
* multiplicand which is 1 from 61, a greater nuinber remains. We therefore add 
“ twice the dividend and the divisor to the quotient and the multiplicand. The 








4 A 8 
* 61 x*--1—y?. Let A/?-pe—g?, where f Z1, 8—2, g=8. Make aii 2-8 vo thatas x = Y, reject 6 





twice from g, 8—2x3=2, we shall find x=? and v—0. The number of quotients in the division of 1 by 3 
being odd, subtract the value of v from f, and Lhat of x trom 8, 1—0 = Izzy, 2—1] =1=x. As B was rejected 
twice from g add 2 lo the value of v, 1-- 2 — v. If we take A — x? a greater number remains; add twice f 
to the value of v, and twice B to thatof x. 2--2x 1—5- v. 1--2x 31x. Take a—x’, 61 — 


- 12 : 4 , ^ 
12-212. Divide by 8, mo 4, which becomes — 4 z2£, and 5 = y = 4. Now ax? 48 = y?, whence 











y = 394 het aff? + 6 = g? where f' 2:5, & = — 1, g = 39. As R is not= zB, we find a number pzz2, such 
that ^ =—1. Divide xandy’ by p, and we have st. o — /" aire P = = SSS ane z L—I-L 
B. As B = + I, apply the first rule of this chapter, 8’ x g' =—1 x — I =+! = s. f'g" =? x 3 x = = 
mess; and g” -+ ATP = (57+ 61x eas LI», = A S = 1923 and 61 x (3) + 
l= ca " If ax? 4- 5 = y?, where B = — 1, or 61 x3 — | = 7°, then m^ = g, md — | = &. 


UNS A A DM. ^ : 
Multiply af? + 8 = g? crossways with af? + 8 = g'*, where /' = — and @'= + 1, in order that we may 


) 
have 82'z2 — I. Then s= 2805, and y = 29718, and B. — 1; 61 x (3805)? — I = (£9718)%, For new 
values, where B = -+ 1,anultiply af? + 8 = g? crossways with the values of x aud y, which we have ji st found, 
61 x 2261539802 4 1 = 1766319049. If nis — take the product of two augments which have unlike signs, 
and if B is + that of two which haye like signs. 
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* quotient is 5 and the multiplicand 7. Subtract the square of 7 from 61; 12 
* remains. Divide by the augment of the operation of multiplication of the 
** square which is 3 affirmative ; 4 affirmative is the quotient; and after reversion 
‘Cit is 4 negative; and this is the augment; aud the quotient which was 3 is the 
* less root; 39 then will be the greater root. As 4 is not the original augment, 
* we have found 2 an assumed number; and by its square we divide this augment. 
* 1 the augment negative is the quotient. We also divide 5 and 29 by 2. "These 
* same two numbers, with the denominator 2, are the quotients. As our 
“ question is of the augment affirmative perform the operation of cross multipli- 
“cation. When we multiply the augment negative by itself it will be affirma- 
“tive. The less root will be 390 fourth parts; the greater root 3046 fourth 
“ parts; and the augment 1 affirmative. Reduce the less and greater roots to 
“ the denominator 2. The less root is 195 second parts; the greater root 1593 
“second parts; and the augment 1 affirmative. And if, for example, the question 
‘was of the subtraction of the augment, the answer would be as above; 5 
** second parts being the less root, and 39 second parts the greater root, and 1 the 
* augment negative. And besides this, if we would obtain another case, let this - 
“be multiplied crossways with that in which 195 second parts is the less root; 
* for multiplying affirmative by negative, negative is obtained. The less root 
“then is 3805, and the greater 29718, and the augment 1 negative; and this is 
* the answer to the question. 

* To find another case with the augment affirmative write this below it and 
« multiply crossways, 226153980 is the less root, and 1766319049 the greater 
** root, and 1 the augment affirmative. And in like manner wherever the aug- 
* ment is required negative, we must multiply crossways two augments of dif- 
** ferent sorts ; and if affirmative two of the same sort. 


4 


Rule. ‘Uf the multiplicand of the question is the sum of two squares, and 
“the augment 1 negative; it may be solved by the foregoing rules *, and if 
** wished for, it may be done in another way, viz. ‘Take the root.of those two 








2 
J 


$ ] uU o- x UN E. _ 242 
* In Ax? d- poy’, if A zz p? 2-95, and 8 zz — |, E ada for (p° -+-.9°) X (5) " G) 


and (p?-++97)x ( D ee 
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** squares, and divide the augment by each, the two numbers which are found 
* will both be the less root; what was required may be obtained from each. 
Example. “What squareis that which being multiplied by 13, when 1 is sub- 
* tracted from the product, a square will remain *. 13 then is the sum of 4 and 
* 9, and 1 the augment negative. "Take the roots of 4 and 9, they are 9 and 3. 


E : l l 
“ Divide the augment by these two, the quotients are = and zt both these are 
“ the less roots. What is required may be had from either. For multiplying 


b de ul Tm j z 
“ the square of > which is a by 13, it is 13-fourths ; and subtracting from it 1, 


“ which is 4, 9-fourths will remain; and this is the square of "a Multiplying 


4 


LJ e 1 e e . . * 
** the square of 5 which is 5 by 13, it is 13-ninths; and subtracting | integer 


f ` 4 : Hm: 
« which is 9, 9 remains; and this is a square." 


Here follow solutions of the same question, by the former methods: I omit 
them because they contain nothing new, and are full of errors in the calculation. 


Another Example. Where 81^ — 1 = y* is solved by the last rule, is omitted, 
because it 1s immaterial. 


Another Example. “ What square is that which being multiplied by 6, and 
* S added to the product, will be a square. And what number is that which 
* being multiplied by 6 and 12 added to the product will be a square f. The 
* operation in the first case is thus. Suppose 1 the less root, and multiply by 6, 
“it is 6; add 3, 1t i$ 9; and this is a square. And for the second case thus; 
'* Multiply 1 by 6, it is 6; and find a number which added to it will be a square; 





O e—a 


1 
* ]2x3— l =°, here A = 13 = 9 44 z— p? +9, p=2, 933 x5 and xz zi for 13 x (zy- 
9 ja 4 2 
= -= 2; =)])—l=-=f(-}. 
1 = = (12)? 5 and 13 x (z) E (ey 


+ 62 £3 = 77, and 6x! -- 12 =°. First suppose x = 1 and B = 3, then 6 x l -+ 3 =9= 3, y= 3, 
Second, 6 x 1 = 6, find 8 such that 6 + 8 = H. Let 8 —3, 6 -+3 = 9 = 37, 3 being not = n, but less 
than it, find p such that 8p? = B, p = 2, 3 X V 12 = Be Now if 8 = 3, zzz 1, and y = 2, mulliplying 
Aa? +’ == y? by p, we have Ax?p? + 85? = y?p?, and making «= xp, y = yp, aud B = Pp’, we have x =9, 
y = 6 and B=12. 6 X 2? -- 12 z 6% 
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“we find 3. As this is not the original augment, but is less, find by the rule 
* which was given above, a number by the square of which when we multiply 
*t this augment the original augment will be obtained: We have found 2. Mul- 
* tiply 3 by its square which is 4, it is 12; and this is the original augment. 
* Then that they may correspond, multiply the less and greater roots together ; 
** also by that number, which is 2. The less root is 2, and the greater 6, and 
“the augment 19. Multiply the square of 2 by 6, itis 94; add 19, it is 36; 
“and this is a square the root of which is 6." 

Here follows another example where, in aa? + B = y', B — 75, and A = 6. 
The solution of this question is like that of the first part of the preceding: 
Jf (in af* + 8 = g^) is assumed = 5 and § = 75. 


Another Exvample.* .** 300 being the augment the less root is 10; its square 
“which is 100, we multiply by 6, it is 600. Add 300, it is 900; and this is a 
** square, the root of which is 30. And know that when the augment is greater 
* you must bring out what you require by the operation of circulation f, that 
* the augment may be less, And if you wish to obtain it without the operation 
“of circulation call to your aid acuteness and sagacity. And when you have 
* found one case, and the augment is 1, you may find others without end, by 
“cross multiplication. For however often you multiply 1 by itself, it will still 
“ be one; and the less root and the greater will come out different. 


Rulet. ‘If the multiplicand is such that you can divide it by a square with- 
** out a remainder, divide it; and divide the less and greater roots by the root of 
*t that square, another number will be found. Aud if you multiply it by a square 
* and multiply the less and greater by its root, the numbers required will also be 
** found. 


Example. “ What square is that which being multiplied by 32, and 1 added to 





* 6x*- 300 = y*. Let x10, then 6 x 10? 4- 300 = 900 = 20? 

T When g is a greater number find 8’, 8", &c. less by the rule of circulation. Solutions of these problems without 
the rule of circulation, are to be had only by trials judiciously made. 

When one case of af? + 1 = g? is known any number of cases may be found by cross multiplication ; for 
l x 1221, and different values of x and y will be found at every new step. 

$ I suspect that this is incorrectly translated; the example does not illustrate the rule. Perhaps it should be, 
e , 2 : ear, A 
ifin Ax? -- B. — y*, A zz ap’, then A3? RT (5) IA = kÈ then an? 4- Bp? = (yp). 

G 
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' a | 
“ the product, will be a square*. The less root then.is z, the square of which 3 


** multiplied by 32 will be 8 ; add 1, it is 9; and this is a square. If we suppose 
“o the less root and divide 32 the multiplicand by 4, 8 will be the multiplicand ; 
‘Cand dividing the less root by the root of 4 whieh is 2, 1 is the less root. For 
“multiplying by S and adding 1, it is 9, which is a square, the root of which 


E 3 


Rule. “ If the multiplieand is a square f, divide the augment by an assumed 
* number, and write the quotient in two places; and in one place add to it, and 
‘Cin the other subtract from it the assumed number, and halve them both; the 
* greater number will be the greater root. Divide the less by the root of the 
* multiplicand, the quotient will be the less root. 


Example. ‘ What square is that which when multiplied by 9, and 52 added 
“ to the produet, is asquare}. What other square is that which when multiplied 
* by 4, and 33 added to the produet, is a square In the first case divide 59 by 9, 
* 96 is the quotient ; write it in two places and add and subtract 9, it is 28 and 
* 94: the halves are 14 and 12; 14 then is the greater root. And divide the less 
“« number which is 12 by the root of the multiplicand which is 3, 4 is the quo- 
“ tient, and this is the less root : for when the square of 4 which is 16 is multiplied 
"by 9, it is 144; add 59, it is 195, which is the square of 14: and in the 

















Ev xl. Lets = 5. 32 x e Ns PTS 9 = 3. 4 x: =P Z= 7m cem 
for8 x 1+ 12zz9*. 
Ex 2 -—n 2 — f 
t If A2 - B zy? and asp. take z any number; and we have € EL: and 7-75 for ——— 
p P 
=~ maeme PTS. But p? x [E m) +B em 35 ; whence the rule. 


Oe 
i 9x + slay and 4x* +95 = ys. First 27 26, db» 2 = 28, 26 a — 24a = 14; sS D mz 


12 33 14 
1, y= = 9% 4? 452 = 196 = 14%. Second, 371b 11-3214, 1I—38, 7— =y, 
8 


2-4, : = 2 =x, 4 X 27433 = 4957” Values of x and y might have been found by taking z = 4 in the 


t3 


first case, and z = 1 in the second. 
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* second case divide 33 by 3, 11 is the quotient: after adding and subtracting 3 it 
“is 14 and 8: after halving, the greaterrootis7. Divide 4 by 2, 29 is the quo- - 
* tient; and this is the less root: for multiplying 4 by 4 and adding 33 to the 

** product, it is 49; and thisis the square of 7. And if at first we divide 52 by 4, 

. * and 33 by 1, what is required will be obtained 


* Another Example, when the multiplicand is equal to the augment. What 
* square is that which being multiplied by 13 and 13 subtracted from the product, 
** and in another case added to it, will be a square *. In the first case suppose 
* 1 the less root, its square which is also 1, we multiply by 13, it is 13: subtract 
* 13, their remains cipher, the root of which is cipher. Aud in the second case 
* suppose 3 the less root, take its square, it is 9; take the difference between it 
“and theaugment, 4 is the augment. Divide by it the assumed root which is 


A T — 
* 6, it ts 6-fourths, that is 15, and this is the less root. The square of this 


* which is 9-fourths we multiply by 13; itis 117-fourths. We see that adding 
“1 integer, that is 4-fourths to this, it is 121-fourths ; and this is a square, the 
* root of which is 11-second parts: the less root then is 3-second parts, and the 
“ greater root is ll-second parts; and the augment is 1 affirmative. As the 
‘original augment is 13 aflrmative, perform the operation of cross muiti- 
** plication with the former which was 13 negative, thus: First multiply 3-second 
‘parts by cipher, it is cipher; and Ii1-secoad parts by 1, it is the sam e. 











2913.7 — 19, and [I3 + (S72, Letx= 1, 13X 1—13 —0. For 13x?+ I32zy?,. let x23, x'?—9, 





: 2 > ' 38 on 
(Here are two or three errors in the Persian: A case of ax’? + 1229? is found by the rule =— = x). 
9 3,2 y 11 : 
ere I3 x (5) Tti =(5 3 =>, = panl’ = 1. As B= l3, multiply crosse 
: n ; 3 LI e, n TNI 
ways with the former case where 13 X 1 |— 13 = 0. 3X04 y ea ma Pg X 1 Xt gX0-— 
' ; 9 
ag = y". 13X—1z— 13—6', but B = +13. Suppose then x” = à and 8" =j, 13 x (5 y —l=3 
Lad : ~ 39. aM ol oo UF d 43. 2960 gam E a, 
= (12) . Multiply crossways, — ag Se And mea n 65 y, and 13 SB! 
39.228033 143 17 26 


' I t 6 3 2 
Or by the rule aff! — gg' = y, and f'g — fz' = x, na Se, = PEZ 3x (5) + 15 


= (d: 


Q 
to 
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“add them together, it is 11-second parts; and this is the less root. Multiply 
** 9-second parts by 1, it is the same: multiply it by 13, the multiplicand, it is 
** 39-second parts: add it to the rectangle of the two greater roots which is cipher, 
‘it is the same; and this is the greater root; and 13 is the augment negative ; 
“ as it is not the original augment, for 13 affirmative is required ; again, suppose 
' z ] ee 
** the less root = and the augment 1 negative ; and multiply " which is the square, 
“by 13; itis 13-fourths. Subtract 1, that is 4-fourths, the augment negative, there 


: 2 oe | : : j 
“ remains 9-fourths, the root of which is 17. By this we multiply crossways, 


“ thus: 





* the less root is 72-fourths, which is 18 integers, and the greater root is 260- 
** fourths, which is 65 integers, and the augment is 13 affirmative. 

“ If we would perform the operation of cross multiplication take the dif- 
* ference of the two, which are 39-fourths, and 33-fourths, that is 6-fourths ; 


i 1 is the less root; take the difference of the two less, after multiplying by 
** the multiplicand, and the rectangle of the two greater, it 1s 96-fourths, that 


l n : . 
* is 6 "t aud this is the greater root and 13 is the augment affirmative. 


Another Example. “ What square is that which being multiplied by 5 nega- 
“tive, and the product increased by 21 will be a square*. Suppose 1 the less 
‘root, and multiply its square by 5 negative, itis 5 negative: add 21 affirma- 
“ tive, itis 16; 4 then willbe the greater root. In another way. Suppose 2 the 





* 5 X x f 21 =y? Suppose x= 1; —5 X 1 +21= 16; y = 4. Or, suppose x = 2, — 5 X 2*-4- 
91z21,y- 1. By multiplying crossways when B = 1, new values may be found. 


INTRODUCTION, 53 


“less root and multiply its square by 5 negative, it is 90 negative; add 91 
* affirmative, 1 affirmative is obtained, the root of which is 1; the less root then 
“is 2, and the greater i, and the augment 21. And if in the place of the multi- 
** plicand there is 5, and the augment is 1 affirmative, multiply crossways and, 
numbers without end will be obtained. 

** And this which has been written is the introduction to the Indian Algebra. 
* Now by the help and favour of God we will begin our object.” 


END OF THE INTRODUCTION. 


BOOK T. 


ON THE EQUALITY Or UNKNOWN WITH NUMBER. 


x K NOW that whatever is not known in the question, and it is required to bring 
‘it out by a method of calculation, suppose the required number to be one 
* or two unknown, and with it whatever the conditions of the question in- 
* volve, and proceed by multiplication and division, and four proportionals and 
* five proportionals, and the series of natural numbers, and the knowledge of the 
* side from the diameter, and the diameter from the side, that is the figure of the 
* bridef, and the knowledge of the perpendicular from the side of the triangle, 
* and conversely, and the like, so that at last. the two may be brought to equa- 
“lity. Ifafter the operation they are not equal, the question not being about 
* the equality of the two sides, make them equal by rejection and perfection, and 
* make them equal. And that is so, that the unknown, and the square of the 
« unknown of one side is to be subtracted from the other side, if there is an un- 
“known in it; if not subtract it from cipher: and subtract the numbers and 
** surds of the other side from the first side, so that the unknown may remain 
** on one side, and number on the other; the number then, aud whatever else is 
** found, is to be divided by the unknown, the quotient will be the quantity of 
* the unknown. . 

“ If the question involves more unknown quantities than one, call the first 
* one unknown, tlie second two unknown, the third three unknown, and so on. 
* And the method is this. Suppose the quantity of the lower species less than 


* that of the higher, and sometimes suppose T and =, and : of the unknown 


$—Ó——— —— — M a a aa MED ID - 


* There are many parts of the rules given in the rest of the Work which are unintelligible to me; they 
are obscured probably by the errors of transcribers and of the Persian translator.—I Iranslate them as exactly 
as | can from the Persian. 

+ The Arabs call the 47th proposition of the first book of Euclid, “Ihe figure of the bride.” I do not 
know why. 
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** and the like; and sometimes suppose the unknown to be a Seiten number, and 
** sometimes suppose 1 unknown and the rest certain numbers," ‘The shortest 
method of solving the question is directed to be observed, and the whole at- 
tention to be given to what is required. 

The first example ts, “ A person has 300 rupees aud 6 horses; and another 
«t person. has 10 liorses and 100 rupees debt; and the property of the two is i 
‘equal; and the price of the horses is the same; what then is the value of each? 
** Or, the first person has two rupees more than the property of the first person 
‘Cin the first question, that is 3 horses and 152 rupees; and the second has the 
* same as he had before, and the property of both is equal; what then is the 
** price of one of the horses? Or, in the first question, the property of the first 
“ person is three times tlie value of that of the second, what then is the value of one 
* horse? ‘The operation in the first question is this: I suppose the price of a horse 
“to be the unknown; 6 horses are six unknown. The first person's property then 
** js 300 rupees attirmative and 6 unknown : and the property of the second is 10 
“unknown and 100 rupees negative. As by the question both these sides are 


‘equal there is no occasion for the operation of rejection and perfection. I 
** make them equal in this manner: 








+ 300 Rupees | 6.r 






— 100 Rupees | FOr 


“ First I write them both, above and below, and I take 100 rupees negative from 
** 300 rupees aftirmative, it is 400 rupees affirmative ; and I take 6 unknown from 
“10 unknown, there remains 4 unknown. 400 rupees 1s equal to 4 unknown. I 
* divide the first by the second, 100 rupees is the quotient, and this is the price 
of a horse.” The other questions produce also simple equations, in which nothing 
remarkable occurs. 

The second example has three unknown quantities with only one equation ; it 
is solved first by assuming the unknown quantities in the proportion of 3, 2, and 
1; and secondly by assuming them as 1, 5, and 4. 

In the third example the Mussulman names, Zeid and Omar are introduced, 
The fourth and fifth examples contain nothing worthy of notice. 

The sixth is as follows: ** A person lent money to anotlier on condition that he 


od 
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should receive 5 per cent. a month. After some months he teok from him the 
* principal and interest, and having subtracted the square of the interest from 
* principal gave the remainder to another person, on condition that he should 
“ receive 10 per cent. and after the same time had passed, as in the former case, 
** he took back the principal and interest, and this interest was equal to the first 
* interest ; what sum did he lend to each person, and what was the time for 
* which the money was lent * 7" 

The first principal is supposed unknown, and the number of months during 
which it was lent is suppose. 5. The question is solved by the rules of propor- 
tion and a simple equation. Another way is given for working this question, viz. 

** Divide the interest of the second by that of the first, call the quotient the 
“ multiplicand, and suppose a number the interest for the whole time and takeits 
. * square, and from the multiplicand subtract 1, and divide the square by the 
“remainder; the quotient will be the amount of the second sum, and the second 
‘sum multiplied by the multiplicand, or added to the square of the interest of 
* the whole, will be equal to the first sum.” 

The next question is like the preceding, and is solved by means of the rule. 
I pass over several other examples, which contain nothing new or remarkable. 
A question in mensuration comes next. 

*' There is a triangle, one side of which is 13 surd, and another side 5 surd, 
* and its area 5 direhs; how much is the third side? I suppose the third side 
‘unknown; the side 13 is the base. It is known that when the perpendicular 
^ js multiplied by half the base, or the base by half the perpendicular, the pro- 
* duct will be the area of the triangle. Here the base and the area are known, 
* and the perpendicular is unknown. I divide 4 which is the whole area by half 
* of 13 surd; the quotient is the perpendicular. I perform the operation thus: 
^ As 4 is a number I take its square 16, for the division of a number by a surd 
“is impossible. I take half of 13 surd thus: I square 2, which is the denomi- 


* natorofl, itis 4, I divide 13 by it. The quotient is 13 parts of 4 parts. I 





* Let P, p, be the principal, 1, Z, the interest; R, z, the rate, and N, #, the number of the months. If 
prn =i, PRN = I, Pzzp — P, N =n, and 1 =i; we have(p — i?) RN = iz prn; or pRu— PRN = 





; wl Son and gy EN m s ri* dae Lian 
prn; whence pr X (R —7) = PRN, T= pe? but this is equal to — , and e = ee 
ee 
T 


which is the first part of the rule; the rest is evident. 
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* divide 16 by 13 parts of 4 parts; it is G4 parts of 13 surd; and this is the 
* perpendicuiar. I then require the excess of the square of 5 surd above 64 parts 
* of 13 surd: First I take the square of 5 surd; it js 5 number ; take its square, 
“itis 25 surd; the root of which is 5. I then take the square of 64 parts of 13 
* surd, as above. I take the excess thus: I make 5 of the same sort; it is 65; 
* | take the excess of 65 above 64; it is one part of 13 surd; and this is from 
** the place of the perpendicular to the angle formed by the side 5 and the base." 
The other segment of the base is found by subtracting this from the whole, by 
a rule which was given in the 4th chapter of the introduction, for finding the 


differeuce of two surds, viz. y/a—4/b— Vw — 1} X 0). Thesquare root 


of the sum of the squares of this segment aud the perpendicular gives the quantity 
of the unknown side of the triangle. 

In the next question, the sides of a triangle being given, its area is required. 
One of the segments of the base made by a perpendicular, is supposed unknown. 
l'rom two values of the perpendicular, in terms of the hypothenuses of the two 
right-angled triangles, and their bases, an equation is formed ; from which the 
unknown quantity is brought out. The equation involves many surds, and they 
are reduced by the rules laid down in the introduction. The perpendicular is then 
found by taking the square root of the difference of the squares of a segment of 
the base, and of the adjacent sides of the triangle. The operation is here con- 
cluded. Ina marginal note are directions to tind the area, as in the foregoing 
case. 

The next is, “ What four fractions are those whose denominators are equal, and 
'" whose sum is equal to the sum of their squares. Also what four fractions are 
* those, the sum of whose squares is equal to the sum of their cubes.” For the 
first part of the question: ** Suppose the first fraction one unknown, the second 
“two unknown, the third three unknown, and the fourth four unknown, and 
* below each write 1 for the denominator. The sum of the four is 10 unknown. 
“ Their squares are 1 and 4 and 9 and 16, whose sum is SO square of unknown, 
“ and these two quantities are equal. Divide both by one unknown ; the quotients 
‘are 10 number and 50 unknown. Divide 10 by 30 unknown, the quotient is 


1 F » . . 1 o . 9 
* — of unknown, The first fraction then is =, the second =, the third J and 
o9 2 


2 
l a 4 : l 4 9 ] 
‘the fourth 33 and the squares of these fractions are $ and y and g and y’ and 


H 


^ 
v 
re. 
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5 : 990 a" I 
** the sum of these four is 5, and this is equal to aa In the same manner the 


the other fractions are found to be — CNN ns 
10’ sho 10 

The next is to find a right-angled triangle, ** the area of which 1s equal to its 
*: hypothenuse ;" and to find a right-angled triangle, ‘ the area of which is equal 
* to the rectangle of its three sides." For the first part of the problem, one side 
of the triangle is assumed equal to 4 unknown, and the other side equal to 3 un- 
known; the hypothenuse is found equal to 5w, and the area equal to 62°; the 
equation 5. = 62° being reduced, gives the value of.r. Vor the second part, the 
sides are assumed as above, and the value of w is deduced from the equation 66.3 
—5292^. 

The next probiem is, to find two numbers of which the sum and the difference 
shall be squares, and the product a cube. The numbers are supposed 52° and 
Av*, and the cube to which their product must be equal 10002°, whence 2 is 
found. 

The next is to find two numbers such that the sum of their cubes shall be a 
square, aud the sum of their squares a cube. One number is supposed 2%, aud 
the other 225, and the cube 1952°*. In the solution of this the following 
passage occurs: ** The cube of the square of unknown, which in Persian algebra 
* js termed square of cube.” In the margin is this note: ** Here is evidently a 
“ mistake ; for in Persian algebra the unknown (Sag) is called thing (Co), 


* and its square (guy) square (JL), (literally possession ;) and its cube 


tc (Laats) cube (Cas): and when the cube is multiplied by thing, the 
'* product is called square of square (o) QU); and when the square of 
** square is multiplied by thing, the product is called square of cube (Laas (SL); 
‘and when the square of cube is multiplied by thing, the product is cailed cube 
“of cube (Laas aas), not square of cube. For example, suppose 2 thing 
« 4 is its square, 8 its cube, 16 its square of square, 32 its square of cube, 64 its 
'* cube of cube, not its square of cube, although it is the cube of the square 
« (Rye caan), or the square of the cube (Cx ey» 


In the next example the three sides of a triangle are given, and the perpen- 











* Sum of the cubes zz x* 4 819 = 935 (a square); and the sum of squares = x^ 4 4x4 = 535, assume this 
= 12543, or 54t = 125x?, whence 5x22 125, and x 25; therefore 625 and 1250 are the numbers. 
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dicular is required. It is found in the same way as the perpendicular was found 
in one of the former questions, when the sides being given the area of the 
triangle was required. 

'The three following are different cases of right-angled triangles in which the 
parts required are found by the principle of the square of the hypothenuse being 
equal to the sum of the squares of the two sides, and simple equations. In the 
first the base and the sum of the hypothenuse and the'other side are given. In the 
second the base and the difference of the hyptohenuse and the other side are 
given; and in the third the base, part of one side, and the sum of the hypothe- 
nuse and the other part of that side, are given. ` 

The first book ends with the following example: “ Two sticks stand upright 
“in the ground, one is 10 direhs in height and the other 15 direhs, and the 
“ distance between the two is 20 direhs. Iftwo diameters are drawn between 
** them, what will be the distance froni the place where they meet to the ground *? 
“ Suppose the perpendicular unknown; itis known that as 15 to 20, so is the 
** unknown to the quantity of the distance from the side 10 to the place where the 
“ unknown stands. We find then by 4 proportionals, 4 thirds of unknown is the said 
* quantity. In like manner we find the second quantity 20 parts of 10, that is 
“ 2 unknown. ‘Take the sum of the two, it is 10-thirds, and this is equal to 20. 
“ Divide 20 by 10-thirds, tlie quotient is 6; and this is the quantity of the un- 
* known, that is of the perpendicular. From the plaee where the perpendicular 
“ stands on the ground, to the bottom of the side 15, is 12; for it is 2 unknown. 
The second quantity is 8 direhs; for it is 1 unknown and a third of unknown. 
“ And know that whatever the distance is between the two stieks, the quantity 
* of the perpendicular will be the same; and so it is in every case. We can also 





* Let aB = 10, pc = 15, Bp = 20. 
By similar triangles BD ; BP :: Dc : PG, E 
BU POM OBA t+ PG, 
whence BP : PD :: BA 3 DC, 
therefore BD is divided in P in the ratio of pc to Ba. E P » 
By composition EP 4- PD : BP :: BA-F DC : Ba ; but BP + PD = up, therefore sa + DC and BA are ib 
the ratio of ap to B» ; whence, by the first proportion, BA -I- DC : BA :: nC : PG, that is, PG is a fourth 
proportional to B4 - pc, BA, and pc, whatever be the length of Bp. 
Lucas de Burgo has this proposition, (see his Geometry, p. 56.) where the lengths are 4, 6, and 83 or page 60, 
where they are 10, 15, and 6. The same is in Fyzee's Lilavati, where the rules are 


AB X CD ED X CD BD X AE 
cr = = e and BP S DD MAS 
AB + CD AB - CD AB -- CD 

H 2 
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‘ascertain these two quantities by another method, and that is the ratio of 25, 
‘(that is the sum of the two sides) to 20, is like the ratio of 15 to the unknown; 
“that is the quantity towards the side 15. Multiply 15 by 90, itis 300. Divide 
** 300 by 95, itis 19. The ratio of 25 to 20, islike the ratio of 10 to the unknown ; 
“the result is 8, and this is the quantity towards the side 10. By another 
** method, by four proportionals, we find that the ratio of 20 to 25, is like the 
“ ratio of 8 to the unknown ; 6 is the result. In like manner the ratio of 20 to 
* 10, is like that of 19 to unknown; again 6 is the result. Another method is, 
“ divide the rectangle of the two sticks by the sum of the two, the result is the 
“ quantity of the perpendicular, and the quantity of the ground we multiply by 
“ each side separately, and divide both by the sum of the sides. The two quotients 
* will be the quantities from the place of the perpendicular to the bottom of the 
‘sticks; accordingly divide 150, which is the rectangle of the two sticks, by 
* o5, the quotient is 6. Multiply 20 direhs, which is the quantity of the ground 
‘by both sticks, the products are 300 dnd 200. Divide both by 25, the quotients 
‘Care 12 and 8. In this manner the figure may be found by calculation as 
" correctly as if it were measured. " 


END OF THE FIRST ROOK. 


BOOK 2. 


— HEE 


a On the interposition of the unknown : where the square of unknown is 
“equal to number, and that is rejected with the unknown.” (Or divided by 
the unknown (,) eS MESS) 131). (4 do not know what he means here, 
perhaps there is some error.) 

* It is intitled, *Interposition of Unknown,’ (JEn bawa); because 
* that which is required is brought out by means (1.14) of the unknown, It is 
“called Interposition (Ius 4) ; and Mudhum Uhrun (unknown means) in 
** Hindee is to be so understood. Its method is this: The square of unknown 
** being equal to number, multiply both, or divide both by an assumed nuniber, 
** and add a number to the two results, or subtract it from them that both may 
‘ be squares. For if one side is a square the other also will be a square; for they 
“are equal, and by the equal increase or diminution of two equals, two equals 
“ will be obtained. Take the roots of both, and after equating divide the num- 
“ ber by the root of the square of unknown, that is by unknown; the result will 
€ be what was required. And if there is equality in the cube of the unknown, 
** or the square of the square, that is after the operation in the thing and eube, 
“and square of square, if the root cannot be found, nor be brought out by rule, 
“in that case it can only be obtained by perfect meditation and acuteness *. 
“ And, after equating, if the two sides are not squares, the method of making 
** them squares is this. Assume the number 4, and multiply it by the number of 
“ the square of the first side, and multiply both sides by the product. And in the 








* From this place to the end of the rule Mr. Burrow's copy is as follows: ** And if in the side which has the. 
* unknown there is a number greater than the unknown, if the number is affirmative make it negative, and if 
“ negative, two numbers will be found in the conditions required, and the way to find the assumed number by 
** which the two sides should be multiplied, and the number to be added, is extremely easy ; for multiply the 
*6 multiplicand of the number of the square of the unknown by 4, and let the square of the numbers of the ug» 
* known, of the side in which there is the square of the unknown, be the number added.” 
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* place of number increase both sides by the square of the thing of the unknown, 
« which is ou that side; both sides will be squares. ` Taxe the roots of both and 
“equate them, and the quantity of the unknown will be found. 


Example. *“ Some bees were sitting on a tree; at once the square root of half 
“ their number flew away. Again, eight-ninths of the who'e flew away the 
“second time; two bees remained. How many were- there? The method 
* of bringing it out is this: From the question it appears that half the sum has 
** a root; I therefore suppose 2 square of unknown, and I take 1 unknown, that 
“is the root of half. And as the questioner mentions that two bees remain, 1 


3 lis. 
* unknown and 5 of 2 square of unknown, that is pw l square of unknown, 


* and 9 units, is equal to 2 square of unknown. I perform the operation of 
equating the fractions in this manner, I multiply both sides by 9, which is the 
** denominator of a ninth; 16 square of unknown and 9 unknown, and 18 units, 
‘is equal to 18 square of unknown. I equate them thus: { subtract 16 square of 
unknown of the first side from 18 square of unknown of the second side ; it is 
* 9 square of unknown affirmative ; and in like manner I subtract 9 unknown of 
« the first side from cipher unknown of the second side; 9 unknown negative 
4 remains, Then I subtract cipher tlie numbers of the second side from 18 units of 
« the first side; itis the same. The first side then is 9 square of unknown atiirma- 
* tive and 9 unknown negative, and the second side is 18 units affirmative. in this 
“ example there is equality of square of unknown, and unknown to number ; that 
“is equality of square and thing to number. As the roots of these two sides can- 
“not be found, suppose the number 4, and multiply it by 2, which is the number 
** of the square of the unknown, it ts 8. I multiply both sides by 8; the first side is 
* 16 square of thing, and 72 unknown negative; and the second side is 144 
“units. I then add the square of the number of the unknown, which is 81, to the 
** result of both sides; the first side is 16 square of unknown, and 72 unknown 
‘ negative, and 81 units; and the second side is 225 units. I take the roots of 
* both sides: the root of the first side is 4 unknown and 9 units negative; and 
* the root of the second side is 15 units affirmative. I equate them in this 
t manner: I subtract cipher unknown of the second side from 4 unknown of the 
“first side; and 9 units negative of the first side from 15 units affirmative of 
“ the second side; the first is 4 thing, and the second side is 24 units affirma- 
tive, I divide, 6 is the result, and this is the quantity of the unknown ; and 
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* as we supposed 2 square of unknown, we double 36; the whole number of bees 


** then was 72.” 


2 


. nas 
In the next example arises the equation o 4J-4c4- 10—a^; then 2^ — 8r=20, 


42° — 3Qw -L ORS x gon S, $r—:9 — 195 2:z40*. 

The next example is, ** A person gave charity several days, increasing the 
“ gift equally every day. From the sum of the days 1 being subtracted aud 
“ the remainder halved, the result is the number of dirhems which he gave the 
* first day; he increased always by half of that number: and the sum of the 
** dihems is equal to the product of these three; that is to say, the number of 
“¢lavs, the number of dirhems the first day, and the number of the increase, 


l : : 
“ added to 7 of the product." Let the number of days be 4v+ 1, 2ris the 


* number of dirhems given the first day, and w is the number of the increase ; 


169^ + 692" 
7 
dirhems. Then by a rule of the Leelawuttee, ((42 + 1) — 1) v + 2r = the 
number given the last day; half the sum of what was given the first and 
last days = what was given the middle day. Multiply this by the number of 

M " duin 162° 64.2" 
days; it is 87 + 102° +- Qr, which is = —— i S1 — 54r = 14. Mul- 
tiply by the assumed number 8, for in this case as the co-efficient of v is even, 
assume the co-eflicient itself of 2^, and add the square of half the co-efficient of 


2 inii. 
gg CE — 4929 F 729 = SH Sa — 97 = $9, v = Cus 


: : ore 
(iE) Sr ppt 373, add 7 of this — the sum of the 


— m 
— (e. 


32 


r r : : a D 
The next is to find in the equation ih: aL 


g) X 9 = 90. The solution is, 
** I suppose, what is required to be thing, I divide it by cipher; as the quotient 
* is impossible, thing is obtained, whose denominator is cipher. Its square, which 
* is the square of thing, whose denominator is cipher, I add to thing, which is the 
* root. It is the square of thing and thing, whose denominator is cipher. I 
** multiply by cipher; it is the square of ¢hing and thing. Cipher is thrown out 
* by a rule of the Leelawuttee, which says, that when the muluplicand is cipher, 
‘and the multiplier a number whose denominator is cipher, the product will be 








* Part of this example, and most of the rest in this book, are wanting in Mr, Burrows copy. 
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“that number, and cipher will be rejected." Whence the equation a^ + # = 90 
which is solved in the common way. 


- oe a a 
The next is; a value of is required in the case ((z4- z) x 0) +! (2 + - )x 
- r^ 


0—15. Itis brought out in a manner similar to that of the foregoing. 

Mhe next example is of a cubic equation, viz. @ + 12r = Ooa he 
terms involving the unknown quantity being brought all on the same side, 8 is 
added to complete the cube. “H take the cube root of the second side 3, and I 
** write the terms of the first side in the arithmetical manner, thus: 8 units nega- 
* tive, and 12 unknown affirmative, and 6 square of unknown negative, and 1 
* cube of unknown. First, I take the cube root of the last term, it is 1 un- 
“known, I square it and multiply it by 3, and I divide the term which is last 
“but one by the product ; 2 units negative is the quotient. Its square, which is 4 
‘¢ affirmative, I multiply by the term first found, viz. 1 thing; it is 4 thing. I 
“multiply it by 3, itis 12 unknown, [I subtract it from the third term which is 
* after the first, nothing remains, After that I subtract the term 2 negative from 
** the first term, nothing remains, The cube root then of the first side is found I 
" thing affirmative and 2 units negative.” Whence » — 2 = 3, which is re- 
duced in the usual way. 

In the next a biquadratic is found, wt — 400: — 21% = 9999. To solve this 
400.r + } is directed to be added to each side; the equation is then wt — 24^ + 
1 = 10,000 + 400r. The root of the first side is 77 — 1, but the root of the 
second side cannot be found. Find a number which being added, the roots of 
both sides may be found; that is 42^ + 400r + 1. This will give 2* + 22^ + d 
= 10,000 + 4° + 400 ; and extracting the square root, a^ + 1 = 100 + 2s, 
which is reduced by the rules given in this chapter. At the conclusion of the ex- 
ample are these words: “ The solution of such questions as these depends on 
* correct judgment, aided by the assistance of God. 

In the two next examples notice is taken of a quadratic equation having two 
roots. '' When on one side is thing, aud the numbers are negative, and on the 
** other side the numbers are less than the negative numbers on the first side, 
* there are two methods. The first is, to equate them without alteration. The 
«t second is, if the numbers of the second side are affirmative, to make them nega- 
* tive, and 1f negative to make them affirmative, Equate them ; 2 numbers will 
“be obtained, both of which will probably answer." 

The next example is, “The style of a dial 12 fingers long stands perpendi- 


” 
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‘cular on the ground. If from its shadow, a third of the hypothenuse of these 
* two sides, viz. the style and the shadow, is subtracted, 14 fingers will remain. 
« What then are the shadow and the hypothenuse?" In the right-angled 


MX c i 
triangle Aa a being = 12, and b — —= 14; cand bare required. The equa- 


—— 3 a 


tion (35 — 40)* = b + 144 arises, and is reduced to 4b — 63 =27. The two 


values + 97 are taken notice of. First, + 97 gives b = 99—-, which is 


declared to be right. From — ¢7, b is found = 9; “ but here," it is observed, 
* 9 is not correct; for, after subtracting a third of the hypothenuse, 14 does 
“not remain.” In opposition to this, some one speaking in the first person (the 
Persian translator, I suppose) says, “ I think that this also is right,” and goes on 
“ to prove that in this case the hypothenuse will be = — 15.” 

The next problem is to find four numbers such that if to each of them 2 be 
added, the sums shall be four square numbers whose roots shall be in arithmetical 
progression ; and if to the product of the first and second, and to the product of 
the second and third, and to the product of the third and fourth, 18 be added, 
these three sums shall be square numbers; and if to the sum of the roots of all 
the square numbers 11 be added, the sum shall be a square number, Wiz? the 
square of 13. 

It is here observed, by way of lemma*, that, in questions like this, the *‘ aug- 
* ment of the products" must be equal to the square of the difference of the roots, 
multiplied by the ** augments of the numbers ;” otherwise the case will be im- 
possible. 

The following is an abstract of the solution: (Let w, 2, y, z be the four num- 
bers required, and r, s, £, v the four roots which must be in arithmetical pro- 


: : 18 
gression). Dy the lemma we find the common difference v = 3. Thesfwst 


root being 7, the second will be = r + 3, the third = r+ 6, and the fourth = 
ro 9. 
Now rs—92—«/ (iv 4-18), and st—9—4/ (1y4- 18), and to—2= V (ys +18). 





* Ina marginal note, which I suppose to be written by the Persian translator, the application of the Lemma 
to the problem is illustrated thuss Let a, b, cbe three numbers; (a — b)? X c + (2 — €) x (6? — c) = (ab — e)*. 
In this case we have a— b = 3, c = 2 and ^ and a two successive roots; and as «== 7? — 2, and x = s? — 2, &c, 
*be reason of the rule is plain. 


I 
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We have now ic -2—9^; e4-9-(r4-3y); y--9-—(rt6y ; 8-gES (4-9) 

Aud wr+18=(rs—2)*; vry4-18— (st —2)', and yz4- 18 — (r— 2). 

Making r+s+t+v-+ (75 —2) + (st—2) + (0-2) 2-11 —13* ; a quadratic equa- 
tion arises, which being reduced ris found 2; whence = sv. 69, 
amd e= |19. i 

Some questions about right-angled triangles occur next; the first is, ** Given 
* the sides of a right-angled triangle 15 and 20; required the hypothenuse. 
“ Although by the figure of the bride the hypothenuse is the root of the sum of 
* the squares of the two sides, the method of solution by Algebra is this : In this 
‘* triangle suppose the hypothenuse unknown, and then divide the triangle into 
* two right-angled triangles, thus: Suppose the unknown hypothenuse the base 
** of the triangle, and from the right-angle diaw a perpendicular; then 15 is the 
** hypothenuse of the small triangle, and 20 that of the large one. By four pro- 
“ portionals I find, when the least side about the right angle, whose hypothe- 
* nuse is 1 unknown, is 15; how much will be the least side about the right 
* angle whose hypothenuse is 15.” In like manner the other segment is to be 
brought out, whence w= 25. **1f I would find the quantity of the perpen- 
** dicular, and the segments of the hypothenuse at the place of the perpendicular, 
“it may be done in various ways; first by four proportionals,” Xc. They are 
found on the same principle as above. “ And another way which is written 
* in the Leelawuttee is this; The difference of the two containing sides, that is 
* to say 5, I multiply by 35, which is the sum of the two sides; it is 175. 
“ I divide by 25 thatis the base; the quotient is 7. I add this to the base, it 
“is 39. I halve it, 16 is obtained; when I subtract 7 from the base, 18 
* remains. J halve, 9 is the smaller segment from the place of the perpen» 
“ dicular, 


Rules ** The square of the hypothenuse of every right-angled triangle is equal 
* to twice the rectangle of the two sides containing the right angle, with the 
tt square of the difference of those sides. As the joining of the four triangles 
“ abovementioned is in such a manner that from the hypothenuse of each, the 
“ sides of a square will be formed, and in the middle of it there will be a square, 
“ the quantity of whose sides is equal to the difference of the two sides about the 
“ right-angle of the triangle ; and the area of every right-angled triangle is half 
‘ the rectangle of the sides about the right triangle. Now twice the rectangle 
“ of the two sides containing that is 600, is equal to all the four triangles; and 
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* when I add 25, the small square, it will be equal to the whole square of the 
* hypothenuse, that is 625, which is equal to the square of thing; and in many 
** cascs au effable root cannot be found, then it will be a surd; and if we do 
“not suppose thing, add twice the rectangle of one side into the other, to the 
* square of the difference of the sides, and take the root of the sum, it will be 
“the quantity of the hypothenuse. And from this it is known that if twice the 
‘rectangle of two numbers is added to the square of their difference, the result 
“ will be equal to the sum of the squares of those two numbers." 


akc 
The next is in a right-angled triangle M ~ " Given y (aB — 3) — 1 = Ac — 


Bc, required the sides. — ** First, I perform the operation of contrariety and op- 
'' position: let Ac — nc be supposed 2. To tliis add 1, it is 3; take its square, 
*titsis 9; add 3, itis 12%. This is the quantity of the less side ; its square which 
“is 144 is = ac? — Bc*; here then the differences of the two original numbers, 
“and of the two squares are both known; and the difference of the squares of two 
“numbers is equal to the rectangle of the sum ofthe two numbers, into their 
“difference. Therefore when we divide the difference of the squares by the 
“ difference of the two numbers, the sum of the two numbers will be the quotient; 
“and if we divide by the suin, the difference will be the quotient: because the 
** square of a line has reference to a four-sided equiangular figure whose four 
** sides are equal to that line; for example, the square of 7 direhs is 49. If I 
** subtract the square of 5 from it, 2+ remains; and the difference of 7 and 5 is 
«<o, and their sum 12, and the rectangle of these two is 24, which is the number 
“remaining. Then it is known that the rectangle of the sum of the two numbers 
“into their difference, that is 12 multiplied by 2, is equal to the difference of the 
** squares of the two that is 24," &c. On this principle the sum and difference 
being found, the numbers themselves are had ‘ by a rule of the Leelawuttee,” viz. 
a+ a— dem | 


=a and 
Q Oo O 


Aai ~ aa 











By supposing other numbers besides 2 for the difference, and proceeding in the 
above manner, triangles without end may be found. 

As objection is here made (I suppose by the Persian translator) that the 
above is not algebraical. It is then stated that the translator has found out an 
easy way of solving the question by Algebra. He directs that the difference 
AC — BC may be assumed = 2, as before; and making sc =a, Ac will be 

I Oo 


ad 
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=x + 2, and AB being = 12, the value of v may be found from the equation 
v md — (ce me). 


Rule. “ The diiference of the sum of the squares of two numbers and the 
“ square of their sum is equal to twice the rectangle of the two numbers, For 
** example, tlie squares of 3 and 5 are 9 and 925, that is 34, and their sum 
‘Cis 8 and its square 64, and the difference of these is 30, which is equal to twice 
* the rectangle of 3 and 5 that is by the 4th figure of the second book thus," In 
the copy which I now have, the figures are omitted. In Mr. Burrow’s copy it is 





oo 
fe 
t 
Q 
C 





Then follows another rule: 4a5 — (a + 6)* = (a — by, which may be easily 
understood by this figure. There is no figure in Mr. Burrow’s copy, nor in my 
present copy, but I had one in which there was a figure for the demonstration of 
the Sth proposition of the second book of Euclid. 

Next come two examples: The first of them is, what right-angled triangle is 
that “ the sum of whose 3 sides is 40, and the rectangle of the two sides about 
* the right angle 190? 

<The method of solution is this: By the first rule take twice 190, it is 940, 
* and this is equal to the difference of the sum of the squares of the sides about 
“ the right angle, and the square of their sum that is the hypothenuse. Then 
** the difference of the squares of tlie two numbers, one of which is the sum of the 
** two sides and the other the hypothenuse, is 240; and the sum of both is 40. 
“ In the method of finding out the triangle, it was before known that the dif- 
“ fereuce of the squares of two numbers is equal to the rectangle of their sum and 
‘t difference; when the difference of the two squares is divided by the differ- 
** ence of the two numbers, the quotient is the sum of the numbers ; aud if it is 
* divided by the sum, the quotient is the difference. Let then 240 be divided 
* by the two numbers, which together make 40 by the question, the quotient 
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‘is 6, and this is the difference of the hypothenuse and the sum of thetwo sides - 
* about the right angle; then add 6 to 40, and takeats half, it is 23; this is the 
** sum of the sides ; subtract 6 from 40, and take its half, it is 17, and this is the 
* hypothenuse, for the sum of the two sides is always greater than the hypothe- 
* nuse by the asses proposition*. Jt was stated in the second rule that the 
** difference of the square of the sum of two numbers, and 4 times their rectangle, 
* js equal to the square of their difference, Take then the squares of 93, it is 
** 599, and 4 times the rectangle of the two sides, it is 480; their difference is 
* 49, which is equal to the square of the difference of the sides, that is 7: then 
“add 7 to 23, and subtract it from the same, and the halves, are 15 and 8 the 
** two sides.” 


The next example is, _~ ly required à ¥,)%, such that z + y + z = 56 


andit — 4200, “I suppose the diameter (the hypothenuse) unknown ; take its 
‘ square it is 2^: This is equal to the sum of the square of the two sides about 
** the right angle, by the figure of the bride; and as 4200 is the product of the 
“ rectangle of the two sides multiplied by the hypothenuse, I divide 4200 by the 


—À 





** uhknown, the quotient is the rectangle of the two sides, And it was 


4 


** stated that the excess of the square of the sum of the numbers above the sum 
** of their squares is equal to twice the rectangle of the two numbers. The sum 
* of the two sides 1s 56 — w; I take its square, it is z^ — 119” 4- 3136; and the 
“ sum of the squares of tlie two sides is 2*, for that is the square of the hypothenuse, 
* which is the same, I take the difference of the two — 112x + 3136, and this 


: . , . $400 ,, 
** js equal to twice the rectangle of the two sides, that is o Sc 


The equation is reduced in the common way: the square in the quadratic, 
which arises, being completed by adding the square of 14, which is half the co- 
efficient of 2. In this way the hypothenuse, and thence the other sides are 
hrought out. 





a aa TE EDD pea p 


* Meaning by the asses proposition the 2Cth of the first book of Euclid, which we are told was ridiculed by 
the Ejicureans as clear even to asses. These passages are only interpolations of the Persian translator, 


END OF THE SECOND BOOK., 


BOOK 3. 


“EXPLAINING THAT MANY COLOURS MAY DE EQUAL TO EACH OTHER." 


* THe rule in this case is to subtract the unknown of one side from the un- 
« known or cijher of the other side, and all the other colours and the numbers of 
« the second side from the first side, from which the unknown was subtracted, 
«and divide those colours by the unknown. If, as may happen, the denomi- 
« yators are one quantity, perform the operation of the multipicand ; and if the 
« denominators are different unknown quantities let them be unknown. Suppose 
‘the quantity of every one of these unknown the denominator, and put it below 
« the colours of the dividend, and reduce the fractions and reject the denomina- 
“ tors; then the unknown will not remain on any side. After that subtract the 
« black of one side from the other side, and subtract the rest of the colours and 
« the numbers from the side from which the black was subtracted, and perform 
* the same operations as were directed for the unknown, and the quantity of the 
« black will be obtained; and in like manner the rest of the colours, and all 
* the quantities of the multiplicand will be obtained. Then perform with it the opera- 
« tion of the multiplicand ; and the multiplicand and quotient will be obtained. The 
* multiplicand will be the quantity of the dividend, and the quotient the quantity of 
«the divisor. And ifia the dividend of the operation of the multiplicand, two 
« colours remain; as for example, black and blue, suppose the second in order, 
* which is blue, the dividend, and suppose black a number, and add that to the 
“augment, and perform the operation ; and when the quantity of the two last 
« colours is obtained, we shall known by the method which has been explained 
‘Cand illustrated in the examples, what are the quantities of the other colours 
«which are below it. And when the quantity is known, reject the name of 
5 colour, and if the quantity of the colour is not obtained in whole numbers, 
‘again perform the operation of the multiplicand till it comes out whole ; and by 
* the quantity of the last colour we know the quantities of the other colours, so 
** that the quantity of the unknown will be found. Ifthen any one propose a 
“question in which there are many things unknown, suppose them different 
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* colours. Accordingly, suppose the first unknown, and the second black, and 
« the third blue, and the fourth yellow, and the fifth red, and the sixth green, and 
‘the seventh parti-coloured, and so on, giving whatever names you please to 
‘unknown quantities which you wish to discover. And if instead of these 
* colours other names are supposed, such as letters, and the like it may be done. 
“ For what is required is to find out the unknown quantities, and the object in. 
* oiviug names is that you may distinguish the things required," 

From the first question in this book arises the equation 5.» + 8y + 7: + 90 = 


. . . —— Ss 9 5 — Dvd 
7r + 9y + 63 + 62. From this is derived Eua cer on or a c. 


gc 9 
l — y +29 "nh : 
Now s is assumed = 1, and from Di, the multiplicand and the quotient 


are found by the rules of the fifth chapter of the introduction as follows: The 
augment being greater than the divisor, the former is divided by the latter. The 
quotient is retained, and the remainder is written instead of the augment; the 
quotient is found = 0 and the multiplicand = 1. As the number of the quotients 
arising from the division of the dividend by the divisor is in this case odd, and 
as the dividend is negative ; and each of these circumstances requiring the mul- 
tiplicand to be subtracted from the divisor, and the quotient from the dividend, 
the quantities remain as they were, viz. 0 and 1. Now adding 14, the quotient 
of 99 divided by 2, to 0; the true quotient is 14 aud the multiplicand = 1. 
Therefore «= 14, and y = 1, and $ = 1; and new values may be found by the 
rules of the 5th chapter of the introduction. 

The next question 1s the same as the third of the Ist book. 

In the next we have the four quantities 5p + 2y + 8s + 7w, and 3r + 7y + 
Qs + lw, and Or + 4y + Is + 2w, and 8» + ly + Sz -+ Iw, all equal to each 
other; and the values of x, y, z, and w are required. From the first and second 
is found &x = 5y — 63 — 6w; from the second and third 3w = 3y + — w; and 
from the third and fourth 2. = 3y — 2s + w. 

From the two first of these three equations 9y— 20: +16w, and from the two 
3lw + 0 

4 


last Sy = 8: — 5w; whence 19s = 93w; and dividing ze; °° aud 


“ above, where the rule of the multiplicand was given, it was said that when the 
“ augment is cipher, the multiplicand will be cipher, and the quotient the quotient 
“ of the augment divided by the divisor; here then the multiplicand and quotient 
' are both cipher.” Then adding 31 for a new value of z, and 4 for a new 
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value of w, 31 = z and 4 = w, and the other quantities are brought out in the 
usual manner. 

The next example gives 5w + 7y + 95 + Sw — 100, and 3x + Sy + 72 + 
Qizz100. From these comes 4y = — 8: — 36w + 200, and for the operation of 


— 8z — 36w + 200 


the multiplicand i — y. Suppose w — 4, then — 8z will be 


the dividend, and -+ 56 the augment, and 4 the divisor. As 4 measures 56, 14. 
times without a remainder, the multiplicand will be = 0, and the quotient = 14; 
adding — 8 to 14, and 4 to 0, y = 6 and z = 4. The other quantities are fonnd 
in the same way asin the former examples. Another method, not materially 
different from the foregoing, is also prescribed for the solution of this question *. 
A great part of the next example is not intelligible to me. What I can make 
x—4 x—3 ve 
d 4 4 
whole numbers. ‘Taking values of v in these equations the following are found 
Oys w 1, 55 — 40 — 15. and 4o — 3w — 17 from this last m=O anda, 


à ` e— 5 
out is this. To find » so that i ae 














wa 
s) 


E 7 
but these numbers giving a fractional value of z, new values must be sought 


for wand v. Then after some part which I cannot understand, the author makes 
er ed An,.and, says.2.is found = 4; thenw SMO~r = $ 94, o =. Atter 


i 4v — 1 
more, which I cannot make out, he finds —— =l g, by means of ¢ which 


he adds to v and finds = 15. After more, which I can make nothing of, he finds 
y = 9 and v» = 59. 

The next example is, what three numbers are those which when the first is 
multiplied by 5 and divided by 20, the remainder and quotient will be equal; 
and when the second is multiplied by 7 and divided by 20, the remainder and the 
quotient will be equal, with an increase of 1, to the remainder and quotient of the 
first ; and when the third is multiplied by 9 and divided by 20, in like manner, the 
remainder and quotient will be equal with an increase of 1 to the remainder and 
quotient of the second? ‘The first remainder is called x, the second v + 1, and the 
third, v + 2, and these are also the quotients. Let the first number be y. By the 





* From this place there is a great omission in my copy as far as the question 7a? -+ 8j? = D, and 7a? — 85? 


— 1 = D, in the next book, Mr. Burrows's copy, however, being complete in this part, I shall proceed to 
supply the omission in mine from his. 
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; 5 x oy 
question "Rm eC ee (le second nam bera penai en 
s ae fab 
78 75 — 91 : 
— = = ; Whence X — ——— E Let the third number be v, then 
9v — EU n 
oo * T? xis T whence = aaa ai From the first and second values 
ieee? 7z— 2l : . , 90v — 91 b 
of xis found ———— = y, and from the second and third - =e Tro 
2 à 


this last is found by the operation of the multiplicand s= 6 and v = 7, and 9 
is called the augment of z, and 7 the augment of v; as this value of z does not 
give y integer, other values must be sought. The augment of z is directed to be 
called w, and the value of w is to be sought; w is found = 3, and its augment 
5; 33 is found by multiplying 3 by 9 and adding 6; at last the required numbers 
are found 42, 33, and ¢8. Most of this example after that part where z is 
fonnd = 6, is unintelligible to me. It appears only that new values of z are 
found from 6 + 9w, and that w and its values are found w = 3 and 3 + 5u, and 
trom w = 3 the numbers are found. I suppose the question is solved much in the 
same way as such questions are now commonly done. 











x— 1 v— 2? — 3 
eee), =e 
Ti xt stion gud oe Be £ i 3 T i 
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to find w so that all these numbers shall be integers. 

Let the number required be w; let the first quotient be 2y + 1, this multiplied 
by tke divisor 2 will produce for the dividend 4y + 2, and 1 being added for 
the remainder x = 4y +S. In like manner the second quotient being assumed 
Sz +2, 9z +5 = 4y; from this last, by the operation of the multiplicand, find 
z = 3 and y = 38, and the augment of z is 4v, and that of y is 9v; then x= Ay + 
3 =3 +4 X (8+9v) = 35 + 36v. As the value of y, 8 will not answer for x in 
the third condition, proceed thus: Let the third quotient be 5u + 3. Multiply 
by 5 Sand add 3, 25u F 18 =a, this is = 35 + 360v, hece 2955-17 = 36v; then 
by the operation of tlie multiplicind «= 5 and v = 3, 36v = 108, 95 & 5 — 17+ 
30501453 — x ancien — 5 + 360 and v = 3 + Q5tiethe augment ofe 199900 
because 25 X 36 = 900. 


z . " i 
The next question is to find two numbers r and $ such that ———, 
2 








6 J 
—r)—2 r+s)—5 rs — 0 : 
(s E on. aud — eee integers. To find other numbers 


K 
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besides 6 and 8. Let the first number be 52 + 1, and the second 6x + 9, the 
difference is x +1. Divide by 3; suppose the quotient y and the remainder @ ; 
then x + 1 3 y + 2, and x = 3y+1, and 5r + 1 the first number = I5y + 6; 
and 6x + 2 the second number = 18y4-8; their sum is 33 y+14. Let Ey dae 
=a > then E cb == MI ; from this is found y = 3 and z = 19, 
or y = 0 4- 3w and z — 1 4- liw; hence a+1=45w+6, and 6r 4-29 —54: 4-8. 
** As the product of these taken according to the question involves w°, aud would 
bea long work," suppose 45w + 6 — 51 and let the second number be as it 
was; throw out 7 from both, the remainders are 2 and 5w -+ 1; take their 
product, it is 10w + 2. Divide by 7; suppose «the quotient and 6 the re- 


: 10w + 2 6 7u + 4 E. 
mainder ; c —"^Cr—- l0)D-p9-u-RB6, UT = Ww; Iromestlisaais 
iS 


found w=6 or 64-7v. The second number being 54w + 8, it is 54X6--8—539, 
and its augment is 5k X 7v = 378v. As the first number is 45w + 6, and was 
supposed = 51, its augment 1s 45 X 7v. 

The next is, what number is that which being multiplied by 9 and 7 and the 
two products divided by 30, the sum of the two remainders and two quotients 
will be 26. “Suppose the number z, multiply it by 16, it is 16x, for it 1 had 
* multiplied separately by 7 and 9, by the first figure of the second book, it would 
* also be 162°. Let the quotient of 16x divided by 50 be y, 16z—30y is the re- 


. 4 29y + £6 s 
mainder, add the quotient y; 16x — 297 —26, and 16 zr The augment 








being greater than the divisor, subtract .6 from 96, itis bO. By the operation of 
the multiplicand, the quotient is found 90 and the multiplicand 50. From 90 
subtract the 295, and from 50 the i6^; 3 and 9 remain. "Take 3 from 29 and 2 
from 16, 26 and 14 remain. As 16 was once rejected from the augment, add 
1 to 26, » = 27, and the quotient is i4 and the remainder 19. No new values 
cau be had in this case by the augment, for then the quotient and remainder 
would be greater than 97. 

The next is, what number is that whieh multiplied by 3, 7, and 9, and the 
products divided by 30, and the remainders added together and again divided by 
30, the remainder will be 11. Suppose the number x; let 19x he divided by 
30, and let the quotient be y, then 10x — 30y — 11. “ If we had multiplied 
* separately, and divided each number by 30, thesum again divided by 30 would 
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also have been equal to 11 ; but this would have been a long operation. The proof 
** of the rule for such numbers is plain ; for example, if 8 be multiplied by 2, 3, and 
* 4, jt will be 16, 94, and 32, and dividing each by 15, there will remain 1, 9, 
‘and 2. The sum of these, that is 12, divide by 15; there remains 12. If 8 is 
** multiplied by the sum of these that is 9, it will be 72; divide this by 15, 12 


50y + 11 


‘remains. From BU m by the operation of the multiplicand is found © = 


20) 3- 38, and y == 18 + 19m. 
The next is, what number is that which being multiplied by 93, and divided 


by 60, and again by 80, the sum of the remainders is 100? Let the number be x. 


z : 952 40 
Suppose the first remainder 40, and the second 60, and let my =yt+ Go then 
60 40 93x 60 80z + 60 
= NN iin aA Again, let a zmer- T thene = og Hence 802 + 20 


SO 

= 60y, from which are anie y =3ands = 9; these values do not make c in- 
teger. y — 3 4- 4m, $ 29 + 9m. Lety =7 and » — 5, then z — 20. By sup- 
posing the remainders 30 and 70, x will be=90, and the question may be worked 


without supposing the 1emainders given numbers, and by subjecting the quan- 
tities separately to the operation of the multiplicand. 


; , ox 
In the next example y being the quotient of jp t y-30. “ Here there can 
* be no muitiplicand for no line (of quotients) is found, uor can it be brought 
“out by interposition” (meaning quadratic equations). Proceed then by another 
method and the question is solved by position ; the number is supposed 13, and 


nAi 


brought out truly 217; afterwards is added, “I say this too may be done by 


** Algebra thus:" Cal! the number q, 
o 


ST e 
are S — 30. [eae 590, r Seg) =. 
3 9 


he next example is, It is said in ancient books that there were three people, 
of whom the first had 6 dirhems, the second 8, and the third 100. They all 


went trading and bought pawn leaves at one price, and sold them at one rate, 


and to each person something remained. They then went to another place where 


the price of each leaf was 5 dirhems; they sold the remainder and the property of 


the three was equal. At what price did they buy first, and at what rate did they 


sell, and what were the remainders ? 
K 9 
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Let the number of leaves bought for 1 dirhem be x, aud suppose the price they 
sold for to be a certain number. For example: Suppose 110 leaves sold for 1 
dirhem, then the leaves of the first person were 62; let the quotient of 6z, 
divided by 110 be y, which is the number of dirhems first had ; 6x — 110y is the 
number of leaves remaining. Multiply by 5, 30x — 550y is their price; add 
the former result y, 30r—549y is the amount of the first person's property. Then by 
four proportionals is found what theproduceof 8r and 100xwillbe, that of 6rbeing 


oO 
y; the second person is found to have y+ T and the third 16y + eee After 


a 


working as above, according to the terms of the question, the amount of the 


l ! 190r — 2196y Ax ! 
second person's property is found ae 5 eee and in like manner the third 


, 15002 — 27450 i et : 
os eu —-— J^ From 30» = 349y, xis found = 0, and its augment 


549, this is = av, and y = 30*. It is added that unless a number is assumed the 


question cannot be solved without the greatest difficulty. 


This book closes with some general remarks about the attention and acuteness 
requisite for solving questions like these. 





n —— Á————Á———————————— — 


* Some of these numbers are evidently brought out wrong, for x should be divisible by 5 and by 21. Taking 
525 (instead of 549) for x, and putting a, 4, e for the leaves sold at 110 per dirhem; we get ò = 1100 +a, and 
c = 51100 4- a; where a may be 110, or the multiples of 110 up to 770. 


END OF THE THIRD BOOK. 


BOOK 4. 


«€ ON THE INTERPOSITION (Laas 32 OF MANY COLOURS" 
——.93.-9—— 


; ÅND that relates to making the squares of many colours equal to number. 
** [ts operation is thus: When two sides in the said condition are equal, in the 
** manner that has been given above for the interposition of one colour, suppose 
* 3 number and multiply or divide both sides by it, and add or subtract another 
* number, so that one of the two sides may be a square. Then the other side 
* must necessarily have a root, for the two sides are equal, and by the increase or 
“ decrease of equal quantities, equals result; then take the root of that which is 
** easiest found. And if in the second there is the square of a colour and a 
* number, suppose the square the multiplicand and the number the augment, 
‘Cand find the root by the operation of the square which was given above, and 
* this certainly will be number. Make the first root of colours equal in these 
“two, and know that you must equate so that the square, or the cube, or the 
* square of the square, of the unknown may remain. And after the operation of 
* the multiplication of the square, the less root is the quantity of the root of the 
** square of the colour of that side which was worked upon; and the greater root 
* is the root of all that side which was equal to the root of the first side. Equate 
“ then in these two sides. Aud if in the second side there is the unknown, or 
“ the square of the unknown, the operation of the multiplicand cannot be done. 
* Then assuming the square of another colour perform the operation. Thus it is. 
** If there is the unknown with numbers, or the unknown alone, whose root does 
“ not come out by the multiplication of the square, unless by assuming the square 
* of another colour; when the root of this is obtained, equate in both and find 
“ the quantity of the unknown, The result of this is, that you must apply your 
e mind with steadiness and sagacity, and perform the operation of multiplication 
‘of the square in any way that you can.” Here follow a few lines of general 
observations not worth translating. 
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Example. What number is that which being doubled, and 6 times its square 
added to it, will be a square ? 

Let the number be v, and let ?» + 62^ — y. Multiply by 24, which is 6 mul- 
tiplied by 4, and add 4; then divide by 4, it is 12r 30: +1 2: 6y' +1; 
v/(i9rx + 3627 + 1) = Gr + 1. As the root of the other side 67^ + 1 cannot be 
found, perform the operation of the multiplication. of the square. Suppose the 
less Toot, ory =e theme), NL See — hoe Tr — =, By the rule of 
cross multiplication for new values y — 9 x 10 4- 2 X 10 = 40 and 6r + 1 = 49, 
whence d = 8. 

The next is: What numbers are those two, the square of the sum of which, 
and the cube of their sum, is equal to twice the sum of their cubes: 

Let the first number be.r — y; and the second w + y, their sum will be 22: 
then.4a" +821 = 9 ((y— 9)! + (x + y)') — 4x! + doy; Am 4x — Toy’; 
Axa dil cb] my” lumen lenceten ole e noy* ue 1): Blendbysciemiul- 
tiplication of the square, making 2 the less root, 7 is the greater, ex + 1 — 7, 
2=3, y=2: r—y-1,4-Fy—5. By cross multiplication new values may be found. 

The nextis: What number is that which, when the square of its square is 
multiplied by 5, and 100 times its square subtracted from the product, the re- 
mainder is a square? 


Tet e TUULDE, dENCQCERUI — MOU a oie) “= —[. Sup- 


pose 10 the less root, then 5 x 10*-—— 100 = 400 = 20°; — =s200Rancl 
valO. 

The next is: What are those two whole numbers whose difference is a square, 
and the sum of whose squares is a cube? 

Let the two numbers be x and y; let y — x = z, then a^ = y* — eyz 
and'as «° -ayè = Ù. let 2y' — 2p z* WC a E 2° — et, 
and 4y* — 4ys* = 23% — 23t, and 4y* — 4ys? + st = 22° — st; whence oy — 3° 
= V2: — st) = a V (22 — 1). Now by the multiplication of the square 
making 5 the less root, 2 X 5* — 1=49, and 7 is the greater root. "Then 
VNLT U]TST oy — S 3. X 170, OO RR 
Or if z = 29 new values of x and y will be found as above. 

Here follows a Rule. “ Know that when both sides are equal and the root of 
“ one side is found, and on the other side there is a colour and its squaie, make 
* this side equal to the square of the next colour, that is to say not to z, and let 
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** its square be to that of y, and if y be its square, make it equal to the square of z, 
‘and multiply or divide both sides by a number, and add or subtract something 
** so that the root of the side may be found. Herc then I have found two roots ; 
“one the first, which 13 the root of the first of the first two sides: and the 
‘second, the root of the first of the second two sides, which is not equal to that 
“root. Perform the operation of the multiplication of the square with that other 
** side whose root is not found. Let the less root be equal to the first root, and 
“ the greater root be equal to the second root, and the quantity of these colours 
* will be found.” 


Evample. A person gave to a poor man in one day three units, and gave every 
day with an increase of two. One day the poor man counted all the money, 
and asked an accountant when lie should receive three times the sum, at the rate 
paid. Let the number of days passed when he counted his money oeme, and the 
number of days when the sum would be tripled y. First find the amount received 
in the time w, thus: ** By a rule in the Lilavati" (e — 1) XX 94-3 2ve4d-1— 


29vr43-14-3 
BL DP 


tlie gift of the last day ; 2 = the gift of the middle day. 


Multiply this by the number of days, a^ + 22 is the sum. In like manner the 
sum for the time y is y^ + 2y, which by the question is = 34^ + Gv ; whence 
9a + 1&r t 9 = 3y* + by + 9, aud 3 4-3 — V (3y^ + 6y +9). Let 3y^ 4- 
Gy +9 = z^, then will be found 3y + 3 = vV (8: — 18). By the multiplication 
of the square, making 9 the less root, 32* — 18 = 15’, therefore Sy 4- 3 = 15 and 
ycmEmndebecduse 3) Ey T 9 —«— Sl, and Sr + 3 — 9, oa. Thue 
on the first day, he got 3, and the second 5, and the sum is 8; and on the fourth 
day he had 24, which is three times 3. In like manner, by making the less root 
33, the greater root will be 57, and y = 18 and 2 = 10, and other values may be 
found by assuming other numbers for the less root. 

Then follows a Rule, which is so mutilated that I do not know how to translate 
it. Asfarlcan judge, its meaning appears to be this: If aa^ + by^ = z^, the 
quantities are to be found thus: Either find r such that a7? --2— D =p’, and then 
v will be = ry and 2 — py, or apply the rule given at the end of the 6th chapter 
of the introduction for the case, when « = (3. 

Required* vand y, such that 74^ + $y = D, and 74? — 8 + 1 — 0 











* At this place my copy comes in again. 
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7a? + $i is supposed = z*. The operation of multiplication of the square is 
directed to be performed, 7a* being the multiplicand, and 8y the augment: ** I 
* suppose 2 the less root, and multiply its square which is four by 7 the multi- 
“ plicand; it is 28; add 8, the square is 36; 6 then is found the greater root ; 
“6 black then is the quantity of blue, and 2 black the quantity of the unknown." 


Piet isfound=6yandwe=eyeePnesecoud condition 1s 72° — 8y^ T — T, 
whence by substituting Qy for w; 98y^ — 8y* + 1, or 20 + 1zz OQ Sw. Now 


by the operation of multiplication of the square, supposing the less root, and 
o ctos ses]: whence w = 9 hierer" = “4 and y = 2, supposing 36 
the less root, .r will be = 72 and y =< 

In the next Example 2 and y are required such that z^ t y! — [], and. 
x+y=. The multiplicand being a square let the augment be divided by y. 


um Eu 
Then by a rule of the 6th chapter of the introduction t=. = y us 4 


~~ 


2 


Let -———— 


= u^, then y^ +y =2w*. Multiply by 4 and add 1, 4y? -+ 4y 4-1 —$Sa* + l. 
The root of the first side of the equation is 2y + 1. Find the root of the second 
side by the operation of multiplication of the square, supposing 6 the less root, 
17 will be the greater; now £y + 1 = 17; whence y = S auda = 75 clier 
values of y and x are 49 = y, and 1176 = «. 

Another method of solving this question is given. Supposing one of the 
numbers 24 and the other 72^ ; the sum is 9x, which is the square of 5x. The 
square of the first added to the cube of the second, is 82^ + 49x'; let this be = y’; 
divide by z*, the quotieut is 8x* + 49. Perform the operation of multiplication 
of the square, supposing 2 the less root, 8 X4+49=81=9% Therefore 
v = 9, and the first number 2z* is=8, and the second 72* is=28 ; and supposing 
7 the less root, 21 will be the greater root : then x = 7, and the first number will 
be 98 and the second 343. 

Rule. *“ Ifa square is equalf, the root of which cannot be found t, and in 








B B 
?L 


— = 71 








T u ELE TM » =... 7 
* Viz. If A = p? (supposing Ax? -+ B = y?), then = y; and 5 


L-x. 





Durs p 
t Here seems to be an omission. i 


t Ifthe number can be reduced to the form (ax J- my)? 4e ry*, it becomes rational by makirg ax +- my = 
— | 
-y, for then (= 


r 








EN 2 t 
5 7) + ry? = (— M In Mr. Burrow's copy this rule begins, “If zhere are two 


^ sides, the root,” &c. 
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“which there are two squares of two colours, and the rectangle of those two 
“ colours; take the root of one square, aud find from the second square a root, so 
“ that from the two squares that rectangle may be thrown ont. 

** l'or example: In the second side is 36 square of unknown, and 36 square. of 
* black, and 36 rectangle of unknown and black. ‘Take the root of 36 square of 
“unknown, 6 unknown ; and from 36 square of black, take the root of 9 square 
* of black, 3 black. When we take twice the rectangle of these two roots, the 
** rectangle which is also 36 will be thrown out; and from the squares 27 square 
* of black will remain, Divide whatever remains by the colour, of which this is 
“ the square; and from the number of the colour of the quotient, having sub. 
‘tracted one, halve the remainder, make what is obtained equal to that root 
“which has been found. After dividing the second by the first, the quantity of 
* the first colour will be obtained." 

In the next example x and y are required such that a^ + y^ + ay = n, and 
V (QU + y tay) X(e+y tls n. “The first equation being multiplied by 
" 36 gives 3647 + S6ry* + 36.ry = 367. The root of one square and part of the 
‘ second square, the rectangle having been thrown out, are found 6 unknown, and 
* 8 black: there remains 97 square of black," Then applying the rule, c 1s 


> = 5y ae 25y" 5 2 2 25 y" eni 
found — de whence 4^ = TE and a^ 4 y + ry — T T3 ae pape eg 

TY 74 (9i 56 E: 9 
m and 4/ (ty AP icy) x (vty) t= T (At M y) +. 1 =e: ; make 
this = w°, then 56y* +9=9w*% Then root of 9w* is 3w, and by the operation 
of multiplication of the square, making 6 the less root, 45 will be the greater root. 
For X96. -I- 092095 — 45* "therefore y = Grand = 10; or making 180 
thesless reat,.y =S Qande —.300; 








The next question is: Required v and y such that TUNES = (ED. and 2 + y 
= H, ande+y¥y+2= D, ade =y -- 2 — u, anda — y 4- 8 — n, and 
EY Yt ty) +(e t yt) FV — y 4-2) t v/(G^— 8) 


= n. Itis plain that 6 and 8 will answer the above conditions. Pass them 
and find two others, It is required to find them by means of one unknown 
quantity only. Suppose the first number p* — 1, and the second 9f. Then 
T q Di us op? — Vp 97) 


L 
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op +1+4p — p* +op+1= (p+ 1). Ande+y+2= (p*— 1) + 9942 
— p -49p41-—(p-1). Anda —y+2=(p—1). And e-—y+8= 
pi— op’ 4-1—4p' T- 8 p*—6p'^ --9—(p'—3)'; and the sum of the roots 1s equal to 
p+ (pel) + (p+!) + (—10 + (p-—3) = Sp* + 3p — 2. As the root of 
this cannot be found, make it equal to 9*: then 2p* + 5p = 9* +2. Multiply 
by Sand add 9; 16p* + 24p + 9 = 890° t 25. Find the 100t of the first side 
/ (165p + 94p + 9) — Ap 4- 3. For the root of the second side perform the 
operation of multiplication of the square. Suppose the less root 5, the greater 
root will be 15 ; for 8% 25 + 25 = 995 = 15*. Make the root of this equal to 
that of the first side 4p + 3 = 15, whence — 3. In this case e = 8 and y =6; 

: : M . 41 1077 
making the less root 50, the greater will he 85; p will then be Q and d ze 
and y — 41; or making the less root 175, the greater will be 495, p — Ie 
v = 13198, and y = 266. Or » may be supposed = p + 2p, andy —9. Or 
y =p — 9p, and y — 9p — 2. Or vr — f, -F Ap 4-3, and y — 9p + +. And 
the numbers required may be brought out in au infinite number of ways besides 
the above. 

Here follows an observation, that in calculation, correctness is the chief point ; 
that a wise and considerate person will easily remove the veil from the object ; but 
that where the help of acuteness is wanting, a very clear explication is necessary. 
* And so it is when there is such a question as this: What two numbers are those, 
“the sum or difference of which, or the sum or difference of the squares of 
* which, being increased or lessened by a certain number, called the augment, 
* will bea square. If examples of this sort are required to be solved by onc 
* colour only, it is not every supposition that will solve them; but first suppose 
* the root of the difference of the two numbers one unknown, and another 
“number with it cither affirmative or negative. Divide the augment of the 
** difference of the two squares, by the augment of the sum of the numbers, and 
** add the root of the quotient to the root of the supposed difference abovemen- 
“tioned; it will be the root of the two numbers. ‘Take then every one, the 
“ square of the root of the difference of the numbers, and the square of the root 
“ of the sum of the numbers, and write them separately. Afterwards, by the way 
** of opposition add and subtract, the augment of the difference, and the sum of 
“ the two numbers aforementioned, as is in the example, to and from the squares of 
* the two, which, by the question, were increased or diminished. The result of 
* the addition and subtraction will be known, and from that the two numbers 
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* may be found in this manner, viz. by the rule ERE E and 


« MEME C) Ex 


The next is to find wand y such that v + y + 3 = D, andz ~y + 320 


) 


and a^ +y — 4 — D, anda’ — y* + 12 — (3, and E: cea E and the 


sum of the roots + 2 = O. Exclude 6 and 7, which it is plain will answer. 
v/(v — y) is aT — p — l, then v is made equal to-p* — 9 and y S, 
wherefore £+ y + 3 = (p'—2) +2p +3 = (p+ iF, and v—y+3= (p-—&) 
—2p+3= (p—1), and à^--y —4— (pf—Ap'-F4) -FAp —A4— (p, and à —y4- 


v — UD 
12 = (p*—Ap* +4) —4p 4-12— (p —4)', and = +y = LE a a DEE +°2p=p’, and 


the sum of the roots +2 = (p+1)+ (p—1) ep + (p—4) orn -3p—2; 
make this = 4* ; 9p* --3p—9—4', aud op 4-3p—4*-4-9?. Multiply by 8 and add 9. 
16p*--94p--9—84*-4-95. The root of the first side is Apts) Find the root of 
the second side by the operation of multiplication of the square; making the 
less root 175, the greater root will be 495. Therefore 4p+3=495, and p—123, 
and 15197, and y=246. 

The next is: Required . and y such that x*— y? 4- 1— 0, and z? +y!4+1-0 
Let 4^—5p*—1 and y*—4p*, à—3'4-1—p and «°+y’+1=(3p)*. The root of 
Ap? is 9p. Find the root of 5p*—1 by the operation of multiplication of the 
square. Supposing the less root 1, the greater will be 2. Supposing 17 the less 
root, the greater will be 33. Or if a? + y^ — 1— 0, and # —5^ — | =p, let 
4^ = Sp? + l and y^ = 4p*; aud so on as in the first case. 


Rule. * When the root of one side is found, and on the second side tliere is 
‘a colour, whether with or without a number, equate that side with the square 
** of the colour which is after it aud one unit. And bring out the quantity of 
* the colour of the second side which is first in the equation; and bring out what 
** js required in the proper manner.” 


Example. To find v and y such that 3r +1 — n, andób--1- n. Let 
Br + 0c (3-4 10), thence = 32^ + Qs, let 5(38^ + 9$) + 1 = w', whence 
1óz*--10z—w'—1; multiply by 15 and add 25; 295s* + 1502 + 25 = 15w* 4-10. 
The root of the first side is 153 + 5. Find hie root of the second side by the 

n 9 


— 
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operation of multiplication of the square; making the less root 9, the greater will 


be 35; 15s 4-5 = 95; therefore == 2 and + = 16. By another way: Let 


2 2 


os | : JS 

3— 3 multiply by 5 and add 1, 

Multiply by 5; 2527 = 15w*+ 10; the root of the first side is 5s. Find the 

the root of the second as before, making the less root 9, the greater will bess ; 

whence s and z. In the above example other values of xv are mentioned besides 
those which I have taken notice of. 


Ja Q a ^ 
, make"Was = wo; See 9a 9, 








DI 


The next example is: Required x such that 30 4- 1 — (5, and $(3r + 1) 


: y — 1 m. | 
+1=() Let 3r+1=y’; then 3x — y! — 1, and e —7—5— ; multiply this 





by 3 and add 1, the result is y, the cube cube root of which isy. Let 3y^ + 1 
= sgemnakine the less roovmpethe erenter will Dé") whence PE 

The next is: To find x and y such that 2(4^— 9^) 4-9— 0, and 3(7^— 3") +3=. 
“ Know that in bringing out what is required, you must sometimes suppose the 
“ colour in that number which the question involves, and sometimes begin from 
“the middle, and sometimes from the end, whichever is easiest. Fere then 
** suppose the difference of the squares unknown,” Ke. 


q*-—3 
Let a^a hanabt95:2-—'9:. then 7 





— —p; multiply this by 3, and add 3, 
Sghgceom : —— 2) s : 2 a — OQ». 1 > Q 
—— let this, bee? ; “therefore 3g" — $09 aa s Suam 


it is 
transpose ; 9g°=67°+9; the root of the first side 1s Sy. Find that of the second 
side by the operation of multiplication of the square. Making the less root 6, the 
greater will be 15. Or making the less 60, the greater will be 147. 1f 8g— 15, 


q—5; f 3g-147, q—49. In the first case p=11, and in the second p = 1199. 





: : vey 11 
Suppose + — y = 1, 4? — 4° being = il, ms ip Kid = 171 and epy 


and « — y being given, 2 and y may be found. In the first case c = 6 and y= 5. 
In the second v = 600 and y = 599. 


Rule. “Ifthe square of a colour is divided by a number and the quotient is 
‘a colour. If after the reduction of the equation its root is not found, make it 


“ equal to the square of a colour, that the quantity of the black may come 
‘Sona tr 
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7 . . agi . " ia mm d 
The next example which concludes this book is: Required v such that E 


x — 4 : 
=a whole number. Make —,-7 =), then 2? =7y + 4: the root of the first 


side is x; that of the second side cannot be found. * Then by the above rule” 
let 7z 4- 9 — (79 + 4); 493 + 98: + & — 7y +4; whence 7z + 4s — y, 
* As the quantity the of biack is 7 square of the blue, and 4 blue; and as 7 blue and 
* o units were supposed equal to a root which is equal to the unknown, I make 
‘if equal to the unknown. This same is the quantity of the unknown. I sup- 
‘« pose the quantity of the blue a certain number  &c. As7s2-9-x IESU, 
xui cre9 1:4 wrc-16. Other values of x my be found in the 
same mauner. 

* After * equating that the two sides may come out, multiply the first side by 
« a number and take its root, and keeping the second side as it was, multiply the 
** number of the second side by the number which the first was multiplied by, 
* and make it equal to the square of a. colour." 


Example. What number is that whose square being multiplied by 5, and 3 





a , DeL 34? 4-3 
added, and divided by 16, nothing remains: Let the number be v. Let = N 
Saane number, ethene oro 10y — 3, 517 XS 34487, 7 (2507) 5r. 
: : 9E 1 
Then there seems to be assumed 3 X 5=3?—1, and afterwards from a Zw 
5 


the question is prepared for solution. 

The next rule is: “ If the cube of a colour is divided by a number, and the 
** quotient is a colour, make it equal to the cube of a colour. The way to find 
“ that, is this: Assume the cube of a number and divide it by the divisor; there 
“ should be no remainder; and add the number with it again nd again to the 
“ divisor, or subtract it from it; or let the cube be a cube of a number, which 
“join with it; or again. multiply that number by the fixed number 3, and the 
“ result. multiply into the quotient, and divide it by the dividend; also there 








* [n Mr. Burrow's copy the fourth book ends with twó rules and two examples, which, as far as I can make 
them out, are as above. 
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“will be no remainder. If a number can be found with these conditions equate 
* with its cube." 
Example. What number is that from whose cube 6 being taken and the re- 
pu ‘ r— 6 
mainder divided by 5 nothing remains? Let the number be v and a aa 
a whole number. Hence #? = 5y +6, Then the cube root of this which is =% 
is assumed = 5: + 1, and y is found = 257 + 157 + 3s — 1. 


END OF THE FOURTH BOOK. 


BOOK 5. 


* ON THE EQUATION OF RECTANGLES.” 


s AND that relates to the method of solving questions which involve the 
“rectangles of colours. Know that when the question is of one number multi- 
* plicd by another, if the two numbers are supposed colours, it necessarily comes 
‘under rectangle of colours, The solution of that being very intricate and 
* exceedingly difficult, if one number is required suppose it unknown; and if 
* two or three, suppose one unknown and the others certain numbers, such that 
* when they are multiplied together according to the question, no colour will be 
** obtained except the unknown, and it will not come under rectangle of colours. 
* And besides multiplication, if the increase or diminution of a number is re- 
* quired, perform the operation according to the question, then it will be exactly 
“a question of the same sort as those in the first book, which treats of the 
* equality of unknown and number. By the rules which were given there, what 
*: is required will be found." 

The first question is to find v and y such that 4v + Sy + 2 — ay. Supposing 
y= ener TEN Sa, Wherclore v = 17 aud y = 5. Supposing y = 0, 
then 2 = 10. In like manner any number whatever being put for y the value of 
x will be found. 

The next is to find w, &, y, s, such that (:w-4-z--y 4- z) 90 = says. Suppose 
the first w, the second 5, the third 4, and the fourth 2; then 20w+220=40w, 
ando» = 11. Other values of w, 2x, 7, 5, are taken notice of. 

The next ts to find x and y in mtegers such that V (a + y + vy + + 7) + 
t +y = 23, or = 593. Inthe first case, suppose the first number x, and the 
second 2, then J/(4^ + Sr + 6) + x 4 2 — 23, and V (a^ + 3e + 6) = 21— 2, 
Eu 


being an integer, let the operation be repeated. Suppose y = 3 then v will be 


and zt + 3r + 6 = a — 49r + 4413 whence w will be found = this not 
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found = — ; thisaoo ban a ivacuen, suppose v=o; thes aewill oe = aa 


the second case a number is put for y, anda fractional valve of .r is found. 
** And if we suppose the second uumber 11, the quantity of the unkuovn will 
‘he 17, and thts is contrary; Tor if the second number Is supposed 17. the quau- 
* tity of the unknown wiil be 11 ; and if one is suppused a colour ane the other a 
5 certaiu number, it 1s probable that the unknown wili be brought out è fraction; 
‘© and if a whoie number is required, it may be found by much search. Aud if 
“both are supposed colours, and the question solved by this rule, a whole 
* number wiil easily be found,” 


Rule*. ‘ When two sides are equal, the method of equating them is thus : 
“ subtract the rectangle of one side from the other side, and besides that what- 
“ ever is on the second side is to be subtracted trom the fi:st ; then let both sides 
“ be divided by the rectangle ; and on the side where there are colours let those 
“ colours be multipiied together. And iet a number be supposed, and let the 
* numbers which are on that side be added toit; and let the result be divided 
'* by the supposed number; and let the quotient and the number of the divisor 
* be separately increased or lessened by the number of the colours which were 
* before multiplication, whichever may be possible. Wherever the unknown is 
* added or subtracted there will be the quantity ot the black ; and wherever the 
** black is added or subtracted there will be the quantity of the unknown. And 
5 in like manner if there is another number, aud if both addition and subtraction 
‘© are possible, let both be cone, and two different numbers will be found. Also 
‘if the number of the colours is greater, and cannot be subtracted, subtract the 
quotient an:| the number of the divisor from the colour ii possible, what was 
** required will be obtained." 


Example. wand y are required such that 4r + Sy +2 Lay. Multiply 3 by 





* This rule is very ill expressed ; it must mean—Tre equation being reduced to ex 4- by +c = xy, c-r 


£5—c6 





wiil be = y and $ 4 ż = z. Because ast 4y e xy, € = xy —ex—ly, add ab to both sides, thencé+e 
" 2 z k cb- c 
= ry 21 — by + cb = (x — 2) (5 — a): and making p = s — Ž, y — a will be = c Therefore x = b 4 


ah =C : ; : , : 
,snüg-caed- us More josmule may be had by resolving ab -- e into different factors. 


ny 
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4, and add 2 to the product 3X 4--2—14. Suppose 1. Divide 14 bv 1. Add 4 


] 
to the number 1, and add 3 to the quotient 4+1=5=y, and 3 + = ely = 7’, 


4 . : 
Ora + = -— 13 =y, and 3 1-4« “And no other case is possible.” Di- 


viding by.9, the quotient will be7; y= 11 and z 5. And by another 
method y will be found = 6 and x = 10*, 

lo find.z and y so that 10r + liy— 58 = oxy. After reducing the equation 
to 5v J- 7y — £9 = ry. Dy the rule above given, assume divisors of 5x7—29; 
] being the divisor, 6 is the quotient. 


obl ane + 6 = 13 = 4, 
or 5 + 6 all ay lee 5 — at 
oroS cq See at 5e 


2 being the divisor, 3 is the quotient. 
J B. linis U= 3, 
=O. Tcl. rp MA 
and no others are possible. 3 being the divisor 9 is the quotient, and the quan- 
tities are as above. It is added that these two examples may be proved by 


gcometiical figures as well as numbers. 





* [n Mr. Burrow's copy there is another example which is wanting in mine. It is as above. 


THE END, 


Mr. Davis’s Notes. 


ee FSO DE eo- 


J HERE put together all I have been able to make out of Mr. Davis’s notes of 
the Bija Ganita. What I have extracted literally is marked by inverted commas; 
the rest is either abstract, or my own remarks or explanations. I have preserved 
the divisions of the Persian translation for the convenience of arrangement and for 
easy reference. Mr. Davis's letter to me, authenticating these notes, is annexed. 





Chapter ist of Introduction. 


— s E p 


'T HE manner in which the negative sign is expressed, is illustrated in the notes 
by the addition and subtraction of simple quantities, thus: ‘ Addition. — When 


** both affirmative or both negative, &c. When contrary signs, the difference 
« is the sum. 


| 2e] o. 
EMIT 
| [ec 
| emul as ico. 


« Subtraction. 


Lu lw a 
ome Ber cs: 
lo | to° 
|od ws 
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** Multiplication. 

** When both are affirmative or both negative the product is affirmative. 
I = Oe) — 6080. — 6. X 3 — 6. 

“Why is the product of two affirmative or two negative quantities always 
** affirmative? The first is evident. With regard to the second it may be ex- 
4 plained thus: Whether one quantity be multiplied by the other eutire, or in 
€ parts, the product will always be the same, thus: 


"1359€ 119. — 1600 





e«« 85 9X 28 E= A 
"SIUS SQUE uu OU 





1620 


© Then, let 135 be X by 4, but 12—4=16 and 135 x 4 = 540; 135 x 16 
** =9160, and 540 + 2160 = 2700, which is absurd: but 540 =o | C0h==10.0. 


Mr. Davis remarks to me that there are here evidently some errors and some 
omissions, and he thinks that the meaning of the last part of the passage must 
have been to this effect: 12 may be composed of 16 added to 4. Let 135 be 
multiplied by 12, so composed 


135 X 16 = 2160 135 X 16 = 2160 
195 X 4 — 540 1X 4- 510 





135 X 19 = 9700 Thisisabsurd: but 135 X 12 = 1620 which is 


right. Thus too 4 may be taken as formed by 12 4- 16 = 4, and if 


135 x 16 = 2160 135 X 16 = «160 
1:5 x 19 — 1690 135 x 12 = 1620 





135 X 4 — 3780 which is absurd: but 155 X À = 546 which is night. 


Perhaps something like the following might have been intended : 
—1395X —57_ 
—135X—48 — 


A | — 35x (4—12)4 
—$;and8—12— —4; thereforethesum of _ 135K (8— 15) 


— 135 X —12 —1690 either + or— ; 920eitherJ-or—; now4-- ]o— 


must bez — 135 X — 1e, 


M 2 
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—135x(4—19)—— 540+ or — 1620 
— 135% (8—12)=— 1080+ or — 1620 


product —1690 — 3240 = —4860 if — X — gives — ; but 
— 1620+4-3240= +1620 if — X — gives +; therefore — 135 X — 12 = 4-1620. 





Chapter 3. 
« OF QUANTITIES UNKNOWN, BUT EXPRESSED BY LETTERS." 


— m 693400-—-—— 


* Jabut tabut...... Ist . . Of 
“ Kalukg <= e. od. s. ERT 
f Neeluk -e-s c er 


"Poet 2 x 20 PNE S. 4th . dT 
s Loheet puis MEM E cux 
'&c. 


** Commentary adds Hurretaka . . . 1 
CRIARI V s y 
&c. 
** These are styled abekt or unknown. 

“ These may be added to themselves, subtracted, &c. but cannot be added 
“to, &c. known quantities in the manner explained, or to unlike quantities of 
“any kind. The square of YT cannot be added to Jy, but the addition may be 
“expressed thus app 1 add to AT QT; the reason is, because to add 5 signs 


* to 9 degrees we cannot say 5 added to 2 is equal to seven, for this would be 
“absurd, we therefore write the sum 5° 9°. But when the unknown quantity is 
“discovered it may then be added to the known, into one simple quantity. 
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* The unknown quantities are usually written first, and the highest powers of 
** them before the lower.. Ó 


* OT q2 | T3 | 3. This is 24° + 3x + 3. 


Also 
**'The multiplication of unknown quantities. 


**'To multiply I2 | into 2 | we have 3[T4. 
OT by FT gives its square or YT Ẹ, and this multiplied by ZT, gives YT p, &c. 
Also this example of multiplication. 
«m3 | ao | du | maus | sm 
“ale | ats | wh | amo Qe 


aras | ai | ex 
which is the product of (5r — 1) X (Sr + 9). 


—— BT ia À———— 


Chapter 4. 


* OF THE CARNI OR SURD QUANTITIES." / 
ee OKO 


* Example of two numbers, 9 aud 8. 

— s SOF the mahti carni. 

“2 X 8 = 16; its root is 4, and 4 X 2 = 8 the laghoo carni. 
“The mahti carm. .— 10 
** Laghoo carni added . . 8 


t oOo 


18, the sum of these carnis. This 18 is the square of 
“ the sum of their roots.” . 
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And there is another example with the numbers 4 and 9, and the following 
O O 


theorem, ‘‘ 2)8(4, its root is 2, + 1 — 1 


3 l 
“ISS 9 X2 = 18 sum. 
“IXI = |l LX oS 2 difference.” 


Aiso this: ** The carni 18 is found ; its root is the sum of the roots of the two 
‘given numbers; but if there be two roots there must be two squares, the 
* difference is the square of the difference between these squares." 

And the following examples iu inultiplication: ** To multiply the square roots 
* of 9, 8, and 3, by the square root of 3 and the integral number 5. 

‘“ These are surds, therefore take the square of the sum of the square roots af 2 
and 8, and multiply by the square of 5. 

“ Square of sum of square roots of 2 and 8 is 18. 

18 | 26,73 | 450, 54 
3 | 25, 3} 75 9 | root of 9 is 3 roop. 
| Sqrs. — Sqrs.  Sqrs. 
450 54 75 — roop 3. 











“ Example second. 


Roop. Carni. Carni. 
* Multipliers — 5, — 3, — 19. 
« 5 gs |25, 3| 625, 75 | 25 roop 25 roop 675 
et e OT oso 15259] 9 roop ios 75 
16 300 


“The product therefore is 16 roop, 300 carni." 

The square of a negative quantity being made negative is here taken notice of 
as in the Persian Translation: In division the following rule is mentioned. 

‘The carni divisor: reverse of each term, its sign, and multiply both divisor 
* and dividend.” 


Carni which here means surd, means also the hypothenuse of a right-angled 
triangle. 
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Chapter 5. 


“WHAT is that number by which when 221 is multiplied and 65 added to the 
“ product, aud that product divided by 195, nothing will remain. 

“© The dividend bhady, divisor hur or bhujuk, the number added or subtracted 
“is called chepuk. The bhady is here 221, the bhujuk 195; when divided the 
“ quotient is 1, this is disregarded; the seke or remainder is 26, by which 195 
“divided the quotient is 7 disregarded, the remainder is 13, by which divide 
** 99], the quotient ıs 17, the remainder is O. The quotient 17 is the true or 
** dirl-bhady. 

* Then 195 divided by 13, the quotient is 15 ; the remainder 0. This quotient 
** is named dirl- bhujuk. 

* Then divide 65 by 13, the quotient is 5; the remainder O; the quotient is 
* the dirl-chepuk. 


** They are now reduced to the smallest numbers. 
* ]7 dirl-bhady. 
** 15. dirl-bhujuk. 
€ 5 dirl chepuk. 


The quotients are found and arranged as in the rule with 5 and O below, 
(c 1 


thus 7 


5 


O this is called belee ; the cipher is called we or the latter; the next (5) 
** is called upantee. Multiply this by its next number (7) and add the next below 
* 5, this being 0, the product will be 35. Multiply this by the uppermost number 
* (1) and add the next below (5) the amount is 40." 
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* 


Then 40 and 35 are directed to be divided by the dirl-bhady and bhujuk. 
17) 40 (2 
34 


6 this is called /ubd. 
15) 35 (8 
30 


5 this is called geonuk, and it is the number sought. 
991 X 5 + 65 


ns = 6, and directions are given for finding new values of . and y, 
2 


Gt T em y) by adding a (in its reduced state) and its multiples to 


the value of y ; and b and its multiples to the value of w. 
The next question in the notes is also the same as that in the Persian. 
* Bhady 100, bhujuk 63, and chepuk 90. 


(supposing 


«€ OPERATION. 
‘© These numbers cannot be all reduced to lower proportionals, 
“ 100 divided by 63, the quotient is 1, the remainder 37 ; by this remainder 
« divide 63, the quotient is 1, the remainder is 26 ; by this divide 37, the quotient 
«is 1, the remainder 11. Divide again; quotient 9, remainder 4. Divide 
‘again; quotient 2, remainder 3. Divide again ; quotient 1, remainder 1 ; this re- 
1 


“ mainder 1 is disregarded. The several quotients write down thus: 1 


the chepuk. 


e iu loSi 
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* Multiply and add from the bottom as in the former example, 90X1 --0— 90, 
** 90x 2+90=270, 270X2+90==630, 630 X 1+270=900, 900 X 14-630 —15530, 
* 1530 X 14-900— 2430. 
“ The two last are the numbers sought ; then 
* 100)2430(?4 this is disregarded. 
200 


pn á 


430 
400 


30 Seke or remainder is the lubd. 
© 63)1534(94 
196 





18 this is the goonuk." 


100 X 18+ 90 __ 
m NC a 


The method of reducing the bhady and chepuk is noticed, and the values of 
x = 171 and y = 27, being first found the true values are found, thus: 
63)171(2 aud 10)27(2 





126 20 
45 7 
63 — 45 = x and (10 — 7) X 10— y. . 


The several methods of proceediug: first, by reducing the bhady and chepuk ; 
second, by reducing the bhujuk and chepuk; third, by reducing the bhady and 
ehepuk ; and then the reduced chepuk and the bhujuk are also mentioned. 


The following explanation of these reductions is given : 
‘The bhady 27, bhujuk 15; 
** these are-divided each by 3 . . .. 9 and 5. 
IN Titer’7 in two divisions ..... 9 and 18 
* these again divided by 3 ..... 9 and G 
* these two add 3 + 6 =9; thus the parts added, how many so ever are, always 
** equal to the whole, thus therefore they are reduced to save trouble, and there- 
* fore all these numbers are so reduced ; but the goonuk is as yet unknown. Let 
N 
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“it be supposed to be 5, by which multiply the parts of the bhady 9 and 18; 
«0xX5—45, 18 X ^ = 90jfhiehvaddedvarewes, andthe bhad Xe = 
* the same 135; this divided in two parts, €0 and 75, and added again, are 135 
«€ The lowest terms of 27 and 15 above, are 9 and 
“ multiphed br 5, 3 Ao — 19 and 9 X B= Ioa. 

* "Ius too the chepuk must be reduced, aud when they are all reduced to the 
* lowest, the lubd and goonuk will be true; and if their numbers are not reduced 
‘to their lowest terms, the work will be the greater." 

The principle on which the chepnk is reduced is explained thus : 


5; the common measure 3, 


tf OF THE CHEPUK," 


“The bhady 221, bhujuk 195, chepuk 65; the goonuk was found 5, lubd 6. 
eel X 5 — 1105 
195)1105(5 lubd. 
975 
130 seke, which deduct from the bhujuk 195 — 130 — 65 equal 
“ to the chepuk, which divide by the bhujak 195)195(1. The lubd is 5, to 
* which add 1; 6 = the original lubd.” 
In another example the bhady = 60, bhujuk = 13 


3, and chepuk = 16 or — 16, 
By the bullee are found the numbers 80 and 368 ; then 3683—60x6=8 the lubd, 


and 80 — 13 x 6 = 2 the goonuk ; 60 — 8 = 52 the lubd corrected, 


60X11+16 m 

( D= 

SUID E. and S0X2—16 _ 
13 13 j 


13— 9 — 11 the goonuk corrected. 

* Note in the text: 'The product by the two uppermost terms of the bullee, 
“when divided by the bhady and bhujuk respectively, have hitherto always 
e quoted the same number, as in the last example 6 the quotient, and the like 
** also in the foregoing examples, but when it happens otherwise, as in the fol- 
«lowing: When the bhady is 5, the bhujuk 3, the chepuk 23 affirmative or 
“ negative, what will be found the goonuk ? 


22d 1 
1 
- 2)5 a — Dullee. 

2 oS 

seke disregarded 0 
sx, 093 5)46(0 3) TU 

23 X 1 = 23, + 23 = 46 45 21 
1 2 goonuk 
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* 'The tivo quotients being different numbers they must be taken the same; 
** thus instead of 9, take the quotient 7. 


5)46(7 
35 


11 
. 9 
* therefore the goon is 9, the lubd 11. X28 eel 


* Next, when the chepuk is negative, or to be deducted, the rule directs to 
* subtract the lubd from the bhady, but here it cannot be done; the rule is 
** reversed, thus 11—5=6, which is the lubd for the negative chepuk ; next for 
“the goon of the rhin chepuk $—2=1; therefore the goon and lubd for the 
“rhin chepuk are 1 and 2; 5X 1—5; but from this the rhin chepuk cannot be 
* taken; therefore take it from the chepuk 23— 5 =18. 


** 3)18(6 the lubd." 
18 


— 


0 


Other cases are mentioned for the negative chepuk, and for the chepuk re- 
duced, and for new values of the goon and lubd. 


5r +0 5v + 65 
== nd 


The examples I3 EE ee which are in the Persian translation, are 


also stated here, but no abstract of the work is given, only the lubd is said to be 
5 and the goonuk 0, which applies to the last of the two only. 


“ The seke in bekullas is termed sood, meaning that it is the chepuk; the 
“ bhady, let it be 60 The coodin or urgun is the bhujuk, from which the lubd 
“will be found in bekullas, and the goon will be the seke of the cullas, which 
“ must be taken as the chepuk ; making the bhady again 60, the bhujuk will be 
“ the urgun, the lubd of this will be in cullas, the seke is the seke of the ansas, i 
‘“ which seke must be taken as the chepuk; the bhady being taken 30, the 
“ bhujuk is still the urgun, the lubd is in ansas, the seke is the seke of the signs, 

N2 


100 NOTES, 


*. which seke take'as the chepuk ; making the bhady 19, the bhujuk will be still 
* the coodin, the lubd here will be signs, the seke is the seke of bhaganas, 
* revolutions, which seke must be taken as the chepuk ; the lubd will here be 
* in bhaganas, the seke the urgun." 


Example. “ Let the calp coodin or urgun be 19, the bhaganas 9, the 


a 33 


** urgun 13. 


* Then by proportion if 19 gives 9, what will 13 giver” This is found to be 


i . à ; 607 — 
6 rev. 1 sign, 26°, 50’, 31", with a fraction of 11; then from wa my, 
E | Gor = 10 
v and y are found x=10, y=31 ; then from Ep =, y = 50 andr 0, 
30x” — 16 A 194" — 17 
from = yo 26, x" = 17, from 19 f zy ,y =1, x 
T NU 9 
from cmm s y", 47726 andy" = 13, “whichis the urgun: 


In another Example. Seke bekullas = 11”, bhaganas = 49, calp coodin or 
urgun —149, Jeist urgun —97. The quantity is found by the rule to be = 
93 rev. 10 signs, 18°, 23’, 31”, the remainder 11. 


‘¢ The addy month 1, is the bhady ; the coodin 195, the bhujuk ; the seke of 
*! the addy month 95, is the chepuk. 


“ 195)1(0 0 
1 seke disregarded 95 buliee. 
Ü 
80x Os Oo = 6 pus 
= 95 
** 1)0(0 195)95(0 
0 lubd 95 goonuk. 
“95 X1—95 =0 195)0(0 
0 
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“ The che tits 26 is the bhady; coodin 225, is the bhujuk; abuin seke 220, 
** chepuk. 














£005 )20(0 0 Raas 660 
26)225(8 8 5720 
208 = 
I 1  26)660(25 
17)26(1 —' — 
17 1 10 seke the lubd, 
9)17(1 1 
9 225)5720(25 
— 220 l 
8)9(1 95 seke the goonuk, 
8 0 


ore 


1 disregarded. 


225 aad 


* Hence the chandra days are 95.” 
The last rule of this chapter is taken notice of as follows : 


€ or THE SANSTIST COOTUK." 


* By what number may 5 be multiplied and divided by 63, the remainder will 
“be 7 ; and that number so found, when multiplied by 10 and divided by 63, 


** the remainder will be 14. 
“The two goonuks are 5 and 10, the sum is the bhady ; the two sekes are 
“7 and 14, the sum is the chepuk; the bhujuk in both is the same or 63." 


The question is solved as before; it ends *' Thus, however numerous be 
“ the goonuks given, let them alt be added for the bhady ; and the same with - 


“respect to the given sekes for the chepuk; the bhujuk will be always the 
«same: i 


am ^d. -ad 
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Chapter 6. 
« THE CHACRA BALA.” 


-0t i DO 


1 THe multiplication of the square is a chacra bala. ‘There are six cases: 
« The first quantity assumed is called Aursua (the smaller); its square must be 
* multiplied by the pracrit, and then must be added the cAepub; that is such a 
* chepuk as will by addition produce a square, and this chepuk may require to be 
“ affirmative or negative, which must be ascertained. The root of this square is 
* the jeis£ : these three, the canist or hursua, Jeist, and chepuk must be noted 
** down and again written down.” j 


The distinctions of samans babna and anter óabna are given as follows : 


& OF THE SAMANS BABNA'"" 


** When the jeist and canist are multiplied into each other (budjra beas) 
* the sum is the hursa or canist. It is called budjra beas from its being a tri- 
** angular multiplication ; the upper, or jeist, or greater, being multiplied by the 
* lower, smaller, the canist; and the canist multiplied by the greatcr or Jet; 
“ the two products added is the hurs. 

“ The two canists multiplied together, and multiplied again by the pracrit, 
** then the product of the two jeists— added altogether, produces the root of the 
“ jeist; the product of the two chepuks then becomes the chepuk." 

The anter babna is described thus: “ The difference between the two products 
'* or budjra beas, produces hursa or canist. The product of the canists multiply 
* by the pracrit, and the difference between (this and) the product of the two 


* Jeists is the root of the jeist, and the product of the two chepuks is the 
** chepuk i 


The rest of this is very imperfect, but the cases of 68 = Bp* and £8 — nd 





the rule A ( a: =) + 1=[), are plainly alluded to. (See notes on the Persian 


r” 
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translation.) ** Thus" (it is added) “ the root of the canist and jeist may be in a 
“ variety of cases found.” 

After this there are examples the same as in the Persian translation, and worked 
the same way as far as the ** Operation of Circulation ;” and, atter the examples. 
* Hence, how various soever the Ist, from the somans babna and anter babna may 
* be produced canist, jeist, and chepe; and hence it is called the chacra bala." 

I find no abstract of the rule for the ‘‘ operation of circulation," but there is 
the first example, viz. 674^ + 1 = D, as follows: ** Roop 1 is the canist, 3 is 
“the chepe; then the pracrit 67, canist 1, jeist $. IHurs 1 is the bhady, chepe is 
“ the bhujuk, jeist 8 is the chepuk ; then by the cootuk gunnit 

* Bha. 1, che S, 


* Hur 3; hence the goonuk 1. 
“then the square of 1 is 1, 67 — 1 — 66, but this is not the smallest; then 
E. 3--3—6, 6+1=7; its square 49, deduct from pracrit 67—49=18; 3)18(6; 
“ but the negative must be made affirmative 6; and 5x5=25, and 25 X67— 
* 1675, and 1675 4-6 —1681 its root 41 ; then by the cootuk gunnit 
Bhias, che 41, 
“Imo: 
* then 5X5=25 and 61—25 =49, 6)49(7 ; the lubd is the canist 11; 11x11— 
* 191, 191X67 —8107 ; chepe is 7, 8107-+7=8100 its root is 90, which is the 
* Jeist ; then by the cootuk 
** Canist is bhady 11, che 90, 
* Hur 7. 
“ Here the goon is 2, che7; 7--9—9 the second goonuk ; its square is 81 
* 81 —67—14 ; 7)14(2 the other chepe.” 
‘The canist 27. This is made jeist 221. 
Sco? wap jcistaeche 2: 
* Ca. o7, 291 jeist, che 2. 
“Ca. 11934, jeist 97684, che 4. 
“Ca. 5967, jeist 48842, che 1. 
“ The square ca. 35605089, which multiply by 67, and 1 added, the sum will 
“ be 2385540964, and its root is 48842.” 





BOOK 1. 


"Y HE unknown quantities, &c. must be clearly stated, and then the equation 
* must be reduced in the manner hereafter shewn by x, by =, by the rule of 
** proportion, by progression, ratios, by D; still maintaining the equality. 
* When they are otherwise, add the difference; then sodana the quantities; the 
“same with respect to roots. In the other side of the equation the roop must be 
* sodanad with the roop. When there are surds they must be sodanad with 
* surds; then by the remainder of the unknown quantities division, the roop 
« must be divided; the quotient is the quantity sought, now become visible." 

‘Then the quantity so found must be utapanad, in order to resolve the 
* question." 

It will be remarked that the Persian translation has “ the figure of the bride," 
for that expression which is represented by D\ in the above abstract. Mr. 
Davis tells me that the original liad nothing like a reference to Euclid, and that 
this part related simply to the proportions of right-angled triangles. 

There follow abstracts of the seven first questions of this book, with their 
solutions, which are the same as those in the Persian translation. 

The first. part of the first example is: ** One man had 6 horses and 300 pieces of 
* silver, and the other had 10 horses, and owed 100 pieces of silver; their pro- 
* perty was equal. Quere, the value of each horse, and the amount of the pro- 
* perty of each person. Here the unknown quantity is the price of one horse. ^ 


* Ja 6, 200 300 E 
« Ja 6, roo 100 these are equal. 
“Ja 6, roo 300 
«€ lasl0mroe 100. Sodan, that is transpose. 
«Ja 6 + 300 = Ja 10 — 100 
* Ja 4 = 400 ^ 
“ja = 100 io 
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The third example, where the Persian translator has introduced the names 
Zeid and Omar, is in Mr. Davis’s notes thus: 


“ One man said to another, if you give me 100 pieces of silver I shall have 
* twice as many as you; the other said give me 10 pieces and I shall have six 
‘c times as many as you. Quere, the number each had. 
* Ja 2 roo 100 
* Ja 1 roo 100 
“Ja 12 roo 660 
«Ja 1 roo ile 


“Diff. Ja 11 roo 770 
Ja roo 70 





BOOK 2. 


EO ha 


“THE square root of the sum of the squares of the bhoje and cote is the carna. 
“ Explain the reason of this truth. 


“The carna is ka ja; the figure thus, T. Divide this by a perpen- 


Lh 15 
“ dicular $a these are equal triangles. The bhoje is abada or given. 
ERA £5 
York i 
* The lumb or perpendicular is the cote, Z . In the latter the cote 
Bho ` 
Ja s 


' is a carna, the lumb perpendicular is the bhoje, the cote is the carna ; they are 
'' similar triangles, When the bhoje, now carna, gives the lumb for the cote, 
' then cote for carna how much? Thus by proportion the cote is found." 
Also ec 
“ As bhoje 15 is to carna, then from this carna 15 what bhoje? 
o 
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“Therefore 15 X 15, and divide by Ja 1, and the small bhoje is found = 
295 x : 





. Again. 
Ja E 
* As cote 20, to the carna, so is the carna 90. What cote?" 


400 : 995 695 . 
Tas and this added to =— Taie: the carna ; whence 


This is found = 
$5 Wal. 

“ Then from the bhoje to find the perpendicular. 

Phe bhoje $559its squarehays ; ened abada = 9, its square 81; the differ- 
* ence is 144; its root is the lumb 12 

** So, the cote 20, its square 100 ; cote mace’ 16, its square 256; difference 
“ of squares 144; its root the lumb is 12." Again, 

Another way. 

“ Carna jal; then half the rectangle of the bhoje and cote is equal to the 
* area = 150; therefore the area of the square formed upon the carna in this 
* manner will be equal to four times the above added to the contained square, 
“ which square is equal to the rectangle of the difference between the bhoje and 
“cote, which is 5 X 5 — 25. The rectangle of the bhoje and cote is 15 x 20 


** =300; and 300X 2 —600 (or € 





= 

[= 

bo 
I 


x 4); 600 + 25 = 695, which is equal to 


* the area of the whole square drawn.upon the carna, and therefore the square 
“ root of this is equal to the carna = 25. If this comes not out an integral 
* number, then the carna is. imperfect or a surd root. wi à P 
u The sum of the squares of the bhoje and cote, and the square of the sum of 

“ the bhoje and cote, the difference of these is equal to twice their rectangles ; 
** therefore (theorem) the.square root of the squares of the blioje'arid cote is equal 
“tothe carna. To illustrate this, view the figure.” 

Here a figure is given which requires explanation to make it intelligible. 

"€ In that figure where 3 deducted from the bhoje, and the square root made of 
* the remainder, and one deducted from the square root, and where the remainder , 
“is equal to the difference between the cote and carna. Required the bhoje, cote, 
* and carna. " | | | 

4 OPERATION:” 


“ Let the assumed number be 2, to which add 1, its square is made= 9; to this 
“add 3, whence the bhoje is 12; its square is 144, and this by the foregoing is* 
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‘ equal to the difference between the squares of the cote and carna; and the sum 
* of the cote and carna multiplied by their difference is equal to this.” 


Then follows something which I cannot make out, but it appears to be an 
illustration of the rule, that the difference of two squares is equal to a rectangle 
under the sum and difference of their sides, probably the same as that in the 
Persian translation. The end of it is, 

“ Thus the square of 5 is 25, and the difference between 5 and 7, sides of the 
** square, is 2; the sum of those sides is 19, which multiplied together is 94; 
“ therefore equal to this is the remainder, when from the square of 7 is deducted 
* the square of 5. , 

“The difference between the squares of these is known, and thence the 
“ cote and carna are discovered thus: This difference of squares divide by the 
** difference of the cote and carna, or difference of roots, as in the Pati Ganita, 


= 72, and this is the sum of the two quantities sought, as is taught'in the 


*« 


** Pati Ganita, but their difference is 9; therefore deduct 2 from the sum, the 
“ remainder is 70, and half of this is the first quantity sought. Again, add 2 to 
* 79, the sum is 74 ; its half is 37 the other quantity ; therefore the cote is 35, 
"pheicaria 37. 

* When the proposed difference is 1, the numbers are found 7, 24, 25; multi- 
* ply these by 4, the numbers will be 28, 96, 100. 


Then follows a note of the rule, that the difference of the sum of the squares of 
two numbers, and the square of tlieir sum, is equal to twice the rectangle of the 
two numbers, and tliis example as in the Persian translation. 


* 'The two numbers are 3 and 5; the sum of squares 9 + 25 == 34; the sum 
* S, its square 64; the difference is 64—34=30; then 5 X 32-15, 15X2-50, 
“ equal to the above. But when the sides are not known, but the difference of 
“their squares, 16 then divide by 2, (wis. by the difference of the numbers) 


~ 


10 F : we, m d: 
c — = 8; this is their sum, und deduct their difference 8 — 29 = 6, half this is 


z = 
€ > 10 ' 33 
‘one number, and 8--2—]0, and — = 5, the other number. 


á o 9 
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'The next is, 7 

“ In the figure where the sum of bhoje, cote, carna is 40, and the product of 
** bhoje and cote 120. What is the bhoje, cote, carna? 

** Multiply the product 1:0 by 2=240, this will be equal to the difference between 
* the square of the sum of the bhoje and cote and the carnas square. The sum 
** of the squares of the bhoje and cote equal to square of the carna; therefore the 
“ product of the bhoje and cote X by 2 is equal to the difference between the 
“rectangle and cote (the square) of the sum of the bhuje, and the square of the 
“ carna. 

“ Divide this number 240 by the sum of the bhoje, cote, and carna ii c —6, 
* which is equal to the difference between the carna and the sum of bhoje and 





40 — ; : 
‘cote. Hence = 17 the carna: 23 sum of bhoje and cote, squared is 


2 
“509. Multiply the rectangle of bhoje and cote 120 by 4 = 480, the remainder 
** 49, and its root 7; this is the difference of bhoje and cote; deduct this from 


, 16 
. “their sum 23; 23 — 7 = 16, its half uy 8 is the bhoje; 23 + 7 = 30, its 


* half, 1s the cote 15." 


The next 1s, 

‘¢ Where the sum of bhoje, cote, carna is 56, and their product 4200, what 
“are the bhoje, cote, carna ? 

* Ja 1, ja, bha 1. The sum of bhoje, cote, carna. 


“ Carna ja 1 ; ja 1, roo 56; these three multiplied, 4200. 
roo 4200 
‘ The rectangle of bhoje and cote aa equal to sum of squares of bhoje 


'* and cote is ja bha ], sum of bhoje and cote ja 1, roo 56; the square ja bha 1, 


E ja 112, roo 3136; the difference between them is equal to = : 





“ therefore Ja112 roo 3136 
Ja O roo 8400 








jal 
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** divide both by 112; reduce both sides, and it will be 








Jal roo 28 
JaO roo 75 
Jal 


Reduce the fractions. 


* Ja bhal, ja@8, roo 0 





* Jabha 0, ja 0, roo 75 


* Multiply by 4, and add the square of 28. 
* Ja bha 4, Ja 119, roo 300 (should be 784) 
* Jabhao, Jao roo 48-4 








jag 2 roo roo 98 
ja 0 roo roo 22° 
* the jabut, and therefore carna. 

* Then for the bhoje cote. The three multiplied are 4900. Divide by carna 

25 
“and 168X4=672. The square of 31 =961,” (the difference) ‘ 289, its square 
* root is the difference of bhoje and cote = 17; deduct this, 31 — 17 = 14; its 
** half 7, which is the bhoje; and 31 + 17 = 48; its half 24 is the cote.” 


** The square root —— ; then add, z PT divide by 2 — 25, which is 


= 168 = bhoje X by cote. The sum of bhoje and cote = 56— 25 —31, 


The lines above have been carelessly drawn. The true Hindoo method of 
i. s 5 T ds 
writing the equation — v -+ 28 = E I understand to be this, ja 1| roo 28, and 


Ja 0 Roo 75 





Ja 1 
that of — 2° + 98. = 75 this, Ja bha 1 | ja 28 | roo 0 
Ja bha 0 |ja 0 | roo 75 
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Books 3, 4, and 5. 


——á3t8$€235:a——— 


Í FIND among Mr. Davis's notes a sniall part only of the beginning of the 
3d book, which consists of rules for the application of the cootuk to questions 
where there are more unknown quantities than conditions. I find also some 
notes which evidently relate to the first example of this book, but nothing 
distinct can be made out. 

There are no notes relating to the 4th book. 

Of the 5th book only this: 

** When there are two or more quantities multiplied, the 1st quantity must be 
* discarded—then”....There is also an abstract of the first example, the same as 
that in the Persian translation. 


Extracts from Mr. Davis's Notes, taken from a modern 
Hindoo Treatise on Astronomy. 


** By the method of the Jeisht and Canist from two jyas* being found, others 
* may be computed by those who understand the nature of the circle (the bow 


ee M— 





* Jya or jaw; sine.— he modern Europeans acquired their knowledge of the sine from the Arabians; and it 


is obvious that they used the term sinus only, because the word jeed (Lace), by which the Arabians called the 
line in question, is translated sinus indusi?. The radical meaning of (Wars) is to cut, and it denotes the bosom 


of a garment only, because the garment is cut there to make a pocket; accordingly we find that Lt AZ 
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‘and arrow), and thus, by the addition of surds, may the sum and the 
* difference of the arc aud its sine be computed whether that arc be 90 degrees, 


** more or less. 





does not mean bosom, but that ainong the Arabians jt signifies that part of their dress where the pocket is 
usually placed, and in some languages which abound in Arabic words, asthe Persian and the Hindoostanee, 
it is the common term, not only for a pocket in the. bosom, but for any pocket wherever it may be. In all 
Arab c dictionaries this word is explained as above, and in some, though not in all, (it is not in the Kushfool 


Loghat) the liue ve catl size is given asa second meaning. 


The Arabs call the arc kozs (e $3), which signifies a bow ; ; the cord æutr ( yia» which is the doz "DAT 


and the versed sine sukum Cay) which is the arrow, But the sine they express by a word which has no 


connexion whatever with the dow. 
The Mathematicat history of the Arabians is not known enough for us to speak positively about the first use 


of sines among them, but there seems to he reason to suspect that they pos it from a ng source, probably 


from the Indians. 
The Sansctit word for the chord is jaw, or more properly jy@ and iva. (For these terms see Mr. Davis's 


paper in the second volume of the Asiatic Researches; the literal explanation of the words has been given me by 
Mr. Wilkins,) and the sine is called 77a ardhi, or halt cord; but commonly the Hindoos, for brevity, use ya 
for the sine. "They also apply the word in composition as we do; thus, they call the cosine cotij.a, meaning the 


sine, the side of a right-angled triangle; the sine (or right sine) Lkeyyya, meaning the size, the base of a right- 


angled triangle, and cramajya the sine moved; the versed sine they call ooterumajya, or the sine moved upe 


wards; the radius they call éridjya, or the sine of three, (meaniug probably three signs.) In their term for the 
diameter jyapinda, or whole jya, the word is used in its proper acceptation for chord, and not for sya ardhi, 


or sine, 


It seems as if taan and jya were originally the same word. 
that fye, in the feminine jiva, is undoubtedly pure Sanscrit, that it is found in the best and oldest dictionaries, 


Mr. Wilkins (the best authority) assures me 


and that its meaning is a bow-string. 
The Arabians in adapting a terin to the idea of chord, 


and called it ys or the bow-string; but having so applied this term, they had to seek another for sine; 


had reference to the thing which it resembled, 


4 


then they would naturally refer to the name of the thing, and eall it by some word in their own language, 
which nearly resembled that under which it was originally known to them. This mode of giving a separate 


designation to the sine was evidently more convenient than that of the Hindoos, so f conjecture that Caan 


. oa @ 


for sine is no other than the Sanserit word fya or jiva. 
It is remarkable that the Sanscrit terns for the sides of a right-angled triangle have reference to a dow: 


they seem to be nanied from the angular points which are formed by the end of the bow, the arm which 
thus the side is called coti, or end of the bow; the base 


holds it, and the ear to which the string is drawn ; 
Some further explanation however is desirable 


Ehoj, or the arm; and the hy potheiuse carna, or the ear. 
to shew why dhojjya is the term for the sine,’ and not (as it shotild be by analogy) the cosine, and coffyya the 


cosine tustead of the sine. : 


The Hindoos have a word-for the versed sine, sur, which signifies arrow, answ ering exactly to the Arabic ev 
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* Multiply the jaw of one of two arcs by the cotejaw of the other arc, divide 
** the product by the tridjaw, add the two quotients and also subtract them ; the 
“sum is equal to the jaw of the two arcs, the other is the jaw of the difference 
between the two arcs. 

* Again, multiply the two bojejaws together, and likewise the two cotejaws 
“together; divide by tlie tridjaw. Note the sum and the difference. The sum 
* js the cotejaw of the sum of the two aics, the difference is the cotejaw of the 
** difference of the two arcs. 

* [n this manner Bhascara computed the sines in his Siromony, and others 
* have given other methods of their own for computing the same. 

The author of the Marichi observes, ** that the author of the Siromoni derived 
t his method of computing his sines by the jeisht and canist, and diagonally multi- 
“ plied (ba jera beas), the jeisht and canist being the cotejaw and the bojejaw ; 
* hence he found the sines of the sum and difference of two arcs, the third 
* canist being those quantities. He did not use the terms jeisht and canist, but 
“in their room bojejaw and cotejaw. I shall therefore explain how they 
were used. 

The bojejaw = canist (small). 

* Cotejaw = jeisht (larger). 

** (The theorem then is what square multiplied by 8, and 1 added, will produce 
‘<a square). 

* Multiply the given number (8) by the square of the canist, and add the 
“ chepuk, the sum must be a square. 

‘©The bojejaw square deducted from the tridjaw square, leaves the cotejaw 
* square, therefore the bojejaw square is made negative, and the tridjaw square 
added to a negative being a subtraction, the tridjaw square is made the chepuk. 

“ The canist square, which is the bojejaw square, being multiplied by a negative 
* becomes a negative product, therefore the quantity 1s expressed by 1 roop 
* negative. : 

‘Then the bojejaw square multiplied by 1 roop negative, and added to the 
* tridjaw, its square is the cotejaw. 

* Hence the bojejaw and cotejaw iu the theorem by Bhascara, represent the 
** canist and jeisht, and 1 roop negative is the multiplier, and the chepuk is the 
* square of the tridjaw, and the equation will stand as follows : 


“ Canist Ist. jaw 1: jeisht 1st. cotejaw 1 : chepuk, tridjaw square 1, 
* Canist 2d. jaw 1: jeisht 9d. cotejaw 1: chepuk, tridjaw square 1. 
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“ These multiplied diagonally produce 
i Vidstejaw-.d.-—9d. cotejàw i, 
“Od jaw 1. Ist cotejaw 1. 


** 'These added produce the first canist, viz. 
“ Ist jaw + 2 cotejaw. 
* 9d Jaw 4- 1 cotejaw, 
* which is the sum (or joge) and the difference. 


* lst jaw — 2 cotejaw. 
* 9d jaw — 1 cotejaw. 


“ Thus from the sum and difference are produced two canists, and the square of 
* the tridjaw squared is the chepuk; but the chepuk wanted being only tlie 
* square of the tridjaw, then as the Bija Ganita directs divide by such a number 
* as will quote the given chepuk. 

** Therefore the tridjaw being the ist, or assumed, or given quantity, divide 
“ the canist by it, the quotient will be the tridjaw square, aud hence the theorem 
** jn Bhascara for the bojejaw. 

** And in like manner the cotejaws are found ; but Bhascara did not give this 
** theorem for the cotejaws, because it was more troublesome. He therefore gave 
“a shorter rule. But since the cotejaw square is equal to the bojejaw square 
* deducted from the tridjaw, therefore the same rule may be applied to the 
* cotejaw, by making the cotejaw the canist, and the bojejaw jeisht; then by the 
“ foregoing rule the cotejaw of the sum or difference of the arcs may be found”. 


— m; SED e ——— 
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Second Extract. 


—9 X GS 


* SpocA. The munis determined the equations of the planets centres for the 
* use of mortals, and this can be effected only by computations of the sines of 
‘arcs, I shall explain and demonstrate their construction and use. 


«o, And for this purpose begin with squares and extractions of roots, for the 
«€ satisfaction of intelligent persons of ready comprehension. 


«€ o 


3. 'Thesquare is explained by the ancients to be the product of a number 
* multiplied by itself. (He goes on to show how squares are found and roots 
* extracted as in the Lilavati). 


«6, Square numbers may be stated infinitely. The roots may be as above 
« extracted, but there are numbers whose roots are irrational. (Surds.) 

E 7. The ancients have shewn how to approximate to the roots of such 
« numbers as follows: Take a greater number than that whose root is wanted ; 
** and by its square multiply the. given number, when that given number is an 
“integer, Extract the root of the product, divide this root by the assumed 
“ number, and the quotient will approximate to the root required. If the given 
‘number be a fraction, multiply and extract as before. To approximate the 
« nearer the munis assumed a large number, but the approximation may be made 
“ by assuming a small number." 


And after a blank. 
« In like manner surds are managed in the abekt or symbolical letters, 


*« (Algebra) expressing unknown quantities." 


Again, after a blank. i 
« Some have pretended to have found the root of a surd, aud that this might 
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“ he effected by the Cutuca Ganita, attend and learn whether or not this could 
* have been possible. I shall relate what Bhascara and others have omitted to 
“explain. A root is of two kinds; one a line, the other a number. And the 
‘root of a square formed by a line expressing 5, may be found, though the root 
“of 5 cannot be numerically expressed ; but the numbers 1, 4, 9, &c. may be 
“ expressed both ways. £, 3, 5, &c. are surds, and can have their roots expressed 
“only by lines. (He goes on to shew the impossibility of finding the root of a 
* surd, though it should be eternally pursued through fractional quantities.) 
“ The root of a surd may be shewn geometrically.” 


I Have copied these two extracts exactly as I found them; there appear to be 
one or two errors which it may be as well to mention. In the first extract the 
latter part of the first sentence should, perhaps, run thus: ** By the addition of 
“the jeisht and canist may the sines of the sum and difference of arcs be 
'^ computed," ee. 

I observe that where jeisht aud canist first occurred in these notes Mr. Davis 
translated it originally ** arithmetic of surds," and afterwards corrected it; 
probably froin oversight it was not corrected in the second place, 

The value of the cosine of the sum of two arcs is given instead of that of the 
difference and vice versa. 

There is an error also in writing the sum and the difference of the cross pro- 
ducts. 

I know nothing of the author of the Marichi. Possibly he might have 
observed that the jeisht and canist rule corresponded with the formule for the sines 
and cosines, and the latter were not derived from the former by Bhascara, but 
invented at a later period, or introduced among the Hindoos from foreign 
sources. Probably however the application and the formule are both of Indian 
origin. 

As for the second extract the rule for approximating to the square root is the 
same as that given by Recorde, in his “ Whetstone of Wit," which was pub- 
lished in 1557; and by his contemporary Buckley; (for an account of whose 
method see Wallis's Algebra, p. 32. English edition.) I have before stated, that 

Pg 
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this rule is also in the Lilavati. I mentioned it generally then only because of 
its connexion with a trigonometrical proposition. The following is a literal 
translation of the rule, as given by Fyzee: ‘‘ Take the squares of the base and 
* side, and add them together; then multiply by the denominator and write it 
* down. "Then assume a large number and take its square. Then multiply it 
“ by that which was written down. Take the square root of the result and call 
* it the dividend. Then multiply that denominator by that assumed number, 
** and call it the divisor. Divide the dividend by the divisor, the quotient is the 
* hypothenuse." This is not delivered with perfect accuracy, the true meaning 
however is plain. If the assumed multiplier is decimal the method gives the 
common approximation in decimal fractions. The writer denies that the root of 
a surd cau be found by the cootuk, but he speaks of it as a subject to which the 
cootuk was said to have been applied. It is very improbable that such a thing as 
this should have found its way from Europe to India, and it is very probable that: 
many things of this sort were to be had from Hindoo sources. 


ED REGRET RS, e —— 


( iie) 


Explanation of Sanscrit Words used in Mr. Davis’s 
Notes. 





BIJA GANITA—Algebra—Literally seed counting. 


Pati Ganita—Arithmetic—Ganita seems to be used as we use arithmetic. Thus as we 
have arithmetic of integers, arithmetic of surds, decimal arithmetic, &c. the 
Indians have bija ganita, pati ganita, cutuca ganita, &c. 

Jabut Tabut—The unknown quantity, as we use x—Literally as far, so far. 1t is not clear 
how this comes to be so used. It would be more conformable to the rest of 
Hindoo notation, if the word pandu (white) were applied; the first letter of 
pandu is very like that of jabut, and they might easily be confounded. 


Kaluk, neeluk, $c, —Unknown quantities—Literally the colours black, blue, &c. 
A bekt — Unknown, 

Carni, surd—Hypothenuse—Literally ear. 
Mahti and laghoo—Greater and less. 
Roop—Known quantity—Literally form, appearance. 
Bhady—Dividend. 

Hur— Divisor. 

Bhujuk—Divisor. 

Seke—Remainder. 

Dirl—Reduced. 

Chepuk or chepe-—Augment. 
LRullee—Chain or series, 

Unte— Last. 

Upantea —Last but one. 

J.ubd —Q uotient. 

Goonuk or Goon— Multiplicand. 

Rhin —Minus—Literally decrease. 
Coodin—An astronomical period. 
Urgan—Number of days elapsed. 
Rekullas—Seconds, 

Cullus— Minutes. 

slnsas—Degrees, 
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Bhaganas.—Revolutions, 
Calp—The great period. 
Raas—Literally a heap, a sum total, a constellation. 





Cootuk—The principle on which problems of this form = is = y are solved, 


Sanstist-—Ditto of == = y +e and a Z aE 


Chacra-bala—Ditto of ax? + b = y* — Literally strength. 

Hursua, hurs, hursa—x in the above form — Literally small. 

Pracrit—a in Ditto—Literally principal. 

Jeist or Jeisht—y in Ditto—Literally greatest. 

Canist—x in Ditto—Literally least. 

Samans babna—lf ax? + 8 = y'? and Af* + 8 = g?, then the rule 4" = x'g + y'f is called 
samans babna—Literally contemplation of equal degrees. 

Anter babna—In the above form, when x” = x'g — yf, it is called anter babna—Literally 
contemplation of difference. 

Badjra beas—Cross multiplication which produces the above forms — Literally cross 
diameter. 

Cootuk gunnit or cutuca ganita.—Cootuk Calculation. 

Sodana—Reduce—Literally purify. 

Utapaua-—Brought out. 

Bhoje—Base of a right-angled triangle—Literally arm. 

Cote— Side of Ditto — Literally end of a bow. 

Carna— Hy pothenuse—Literally ear. 

Lumb—Perpendicular—Literally length. 

Abada—Given. 

Tst—Assumed. 

Jaw or Jya—Sine or chord—Litcrally bow-string. 

Bojejaw—Sine. 

Cotejaw—Cosine. 

Tridjaw — Radius—Literally sine of three; perhaps meaning of three signs or 90 degrees. 

Add y—Intercalary. 

Che-tits (Ushaya tithi) —Difference of solar and lunar days 

Abum—? For bhumi savan—solar days. 

Chandra—Lunar. 


For the literal explanation of these terms, as far as they could be made out, I am obliged 
to Mr. Wilkins. Most of the words are written here according to their common pronun- 
ciation in Bengal. 
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DEAR STRACHEY, 


Havine just laid my hands on a parcel of papers of notes, containing abstracts and trans- 
lations from the Bija Ganita, made by me, with the assistance of a Pandit, as long ago as 
when I was stationed at Bhagulpore*, I send them to you with full liberty to make any use 
of them. Ever since my removal to Burdwan these papers have lain unnoticed, and might 
have continued so had it not occurred to me that you are occupied in such researches. There 
may be trifling inaccuracies in some places, the translations having been made carelessly and 
never revised ; buttheir authenticity may be depended on, as they were made from the original 
Sanscrit Bija Ganita, which was procured for me at Benares, by Mr. Duncan. I send also 
a book of memoranda, containing chiefly trigonometrical extracts from a modern astronomical 


work in Sanscrit, which I suppose to have been written in Jey Sings time. 


I am very sincerely your's, 


Portland Place, Jan, 1812. S. DAVIS. 


THE END. 





* About the year 1790, 





Glendinning. Printer, Hatton Garden, Londor, 
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Some Obfervations on the originality, extent, and importance of 
the Mathematical fcience of the Hindoos; with Extradis ` 
from Perfian Tranflations of the Leelawuttee and Deej 
Gunnit—By Epwarp SrRACHEY, of the Bengal Civil 
Eflablifhment. 


.F i YHE character which Sir WirrraAM Jones has given of Perfan 
tranflations from the Sanfcrit is enough to deter men from the 
labour of examining them. To difcover the full extent of Hindoo learning 


the Sanfcrit originals fhould be ftudied, 


NEVERTHELESS fome of thefe tranflations have their value. If examin- 
ed attentively and without prejudice, they will, on many points, give an 
infight into Hindoo fcience without hazard of deception, although they are 


juftly open to a general objection of confufion and inaccuracy. 


Tue tranflator feldom diftinguifhes the text from his own additions, 
but he fometimes introduces matter which he muft have been incapable of 
fupplying, if he had not had accefs to fome extraordinary means of infor- 
mation, which means I conclude to be the original work he pretends to 


tranflate, or fome other Hindoo books of fcience. 


In works which are avowedly tranflated from ancient or obfcure authors, 
but are fufpeéted to abound with interpolations, we cannot pronounce any 
propofition to be original, without a previous confideration of its nature, 


and of the circumflances of the tranflator and the reputed author. 


^ 


Eo 


Ir the propofition in queflion is thought to have been invented at a 
period later than the age of the perfon now faid to be the author, and is to 
be found in books to which the tranflator undoubtedly had, or poffibly 
might have had, accefs, we may well fufpect that it is not ge- 


nuine. 


Ir, however, itis dire€tly deduced, or deducible from, or in any way 
intimately connected with unfufpcéted matter, we may perhaps be difpofed 
to admit its claim to originality ; at all events we fhall hefitate in pronoun- 


cing it Ípurious. 


Bur if the propofition could not be derived from any of the common 
fources of knowledge which were extant in the time of the tranflator, we 
muft neceffarily fuppofe the exiflence of fome other fource: and the 
difcovery of a well connected feries of fuch propofitions, would afford 
ample proof of the exiftence of a fund of fcience, to which the world has 


not hitherto had accefs. 


Ler thefe principles be applied to an examination of the Perfan tranfla- 
tions of the Beej Gunnit and Leelawuttee ; and many new and curious faéts 
will be afcertained, illuftrative of ihe early hiftory of Algebra and of the 
flate of Mathematical knowledge among the Hindoos. | 

THe Bee Gunnit and Lelawuttee, were both written by BHASKER 
ACHARIJ, a famous Hizdco mathematician and aftronomer, who lived about 
the beginning of the 13th century of the Cériflren era: the former of the 
two treatifes is on Algebra with. fome of its application; the latter is on 


> ! 
Arithmetic and Algebra, and Menfuration, or Pra&ical Geometry. The 


Beej Guntüz was tranilated into Perfan in 1634 A, C. by Urra ULLA. 








Se 


RusurzpEr, (at Agraor Dehli probably), and the Leelawuttee in 1587 
A. C. by the celebrated Fvzzr. 


BEFORE any opinion is formed of the extent to which the tranflators might 


have interpolated, a view of the fources of their knowledge fhould be taken. 


Ir is well known that the only Perfan fcience is Arabian, and that the 
Arabs had much of their mathematical knowledge from the Greeks ; It is 
certain that they had their Arithmetic from the ZzZzazs, and mof likely their : 
Algebra was derived from the fame fource; but the time and other circum- 
ftances refpe&ting the introduction of thefe fciences among the zfraós is 


unknown *. 


As we are not informed, of the full extent of Greek knowledge among 
the 4raés, nor of the Greek and other books, which may have been tranfla- 
ted into Arabic, and which Urta Urra Rusueeper and Fyzee, might 
have had accefs to; and as we cannot be certain that they had not the 
means (through travellers for inítance) of becoming acquainted with the 
modern European difcoveries, we mutt fuppofe that they might have had 
the benefit of all the Greek, and all the Aradbran, and all the modern 
European learning, which was known in their time T. 


* The firit account of any Indian mathematical fcience among the Arabs, is, I believe, of Indian akro- 
nomy, which was known in the reign of At Mamoon. i 

In later times, many Mobammedans have had accefs to the Hizdoo books: There are accounts of feveral 
in the Ayen Ackbery, and in D’Herpetor. AsBuL Fuzr gives a lift of Sanfer# books, which were trani 
lated into Perfiaz in Axper’stime. The Leelawuttee is the only mathematical work amongft them, 


+ Bernree, who arrived in ZzZra in 1655, is faid to have tranflated or explained the philofophy of Gas- 
sexdi and Des Carres for his patron at the Afogn/’s court, but it is likely that only the metaphyfics of 
thefe writers are alluded to. Bernier had a good opportunity of making refearches into the learning of 
the Hindoss, and he Las given fome account of it; but his information appears to have been very circum- 
fcrihed ; he was entirely ignorant of the extent of their mathematical fciences, and knew fcarcely any thing 
of their aftronomy. In the beginning of the eighteenth century, Jv Stue had accefs to the modern Exro- 
pean aftronomy and mathematics, and introduced a great dcal of them into Judia, (See Mr. Husten’s 


paper in the fifth volume of the .Z//a'ic& Refearches, 


ao 


IT is however probable, that, exclufive of what they might have had 
fromthe Hindoos, UrrA ULLA RusugEDEE- and Fyzee had no means 


of acquiring fcience except through Arabic books. 


From the tranflation of the Zeelawutiee fhould be reje&ed, as not cer- 
tainly genuine, all {uch propofitions as were known to the Greeks or Arabs, 
or to the modern Europeans, till the end of the fixteenth Gentury ; and from > 
the tranflation of the Bee Gunnit, all fuch as were known till the beginning 
of the feventeenth century, except fuch as are intimately connected with 
others whofe originality cannot be doubted. 


Ir is very defireable that fome perfon properly qualified for the tafs 
fhould compare the Algebra of the Arabs, and that of the Greeks and 
that of the modern Europeans with the Perfian tranflations of the Beej 


Gunnit and Leelawurtee.* 
I wave no doubt that the rcfult of the comparifon would fhew: 


THAT the Algebra of the Arabs is quite different from that of Droz. 
PHANTUS, and that neither of them could have been taken from the 


other, though both might have been taken from one common fource: 


THAT if the Arabs did learn from the Indians, (as they probably did) 
they did not borrow largely from them : 





= The only known book of Greek Algebra, is Diophaztu:, ; 


Of Arabian Algebra, no full account, as faras Iknow, has hitherto been given, but it is certain that the 
firtt Exropean treatifes were taken from it entirely, Many Arabic Algebraical works are extant, and well 
known in India; fome of them have been tranflated into Per/fian, 


( 5 ) i 


Tuat the Perfun tranflations of the Becj Gunnit and Leelawuttee cons 
tain principles, which are fufficient for the folution of any propofitions 
in the radian, or inthe Dzopbantine Algebra : * 


Tuat thefe tranflations contain propofitions, which are not to be 


folved on any principles. which the Arabian or the Diopkantine Algebra 


^ 


could fupply : = 


THAT the Hindoos were farther advanced in fome branches of this 








* Perhaps this may be going too far; it is not eafy to fay.what principles are neceflary for the develope- 
. ment of the Diophantine Algebra, which is merely a colleétion of difficult queftions, fhewing more ingenuity 
than mathematical knowledge. 

Tke Beej Gunnit will be found to differ much from Diopnantus’s work. It contains a great deal of 
knowledge which the Greeks had not; fuch as the ufe of an indefinite number of unknown quantities and 
the ufe of arbitrary marks to exprefs them ; a good arithmetie of Surps; a perfect theory of indeterminate 
problems of the firt degree;.a very extenfive and general knowledge of thofe of the fecond degree; a 
knowledge of quadratic equations, &c. The arrargement and manner of the two works will be found as 
eífentially different as their fubftance. ‘The one conftitutes a body of fcience, the other doesnot. The 
Beej Gunnit is well dige%ed and well connected, and is full of general rules, which fuppofe great learning ; 
the rules are illuftrated by examples, and the folutions are performed with fkill, DropHanrus, though not 
entirely without method, gives very few general propofitions, and is chiefly remarkable for the ability with 
which he makes affumptions in view to the folution of his queftions. The former teaches Algebra as à 
Ícience, by treating it fyftematically ; the latter fharpens the wit, by folving a variety of ab‘trufe and com- 
plicated problems’ in an ingenious manner. "The author of the Bees Gaza goes deeper into his fubject, and. 
treats it more abftractedly, and more methodically, though not more acutely, than Diopuantus. ‘The for. 
mer has every chara&teriftic of an affiduous and learned compiler; the latter of a man of genius in the infancy 
of fcience. "This comparifon however, it muft be admitted, is made from a view fomewlhat partial and 
faperficial The Beej Guanit is feen through a very defective medium. It may have been improved, or it 
may have been deteriorated by the tranflator : and the account here given of DiopHanrus, is not the refuic 
of deep ftudy of that very difficult author, but of a hafty review of his work, and an examination of a iew 
only of his material propofitions, 





It may ke preper to advert to the following point, which may be thought important: « Whether it is 
« poffible, or, if poflible, tether it is probable, that the Algebra of the Hindoos is notiune more than a 
« branch of Greek {cience long loft, but now reftored ?” I am perfuaded that it is not: beta good difcufion 
of this queftion is neceflary, before the originality of the Zzdiaz fcience can be eftablifhed on folid grounds. 

"The intent of. this poper is to throw out hints, for inquiry into the mathematical fciences of the Hinds. 
Y cannot by any means pretend to embrace the fubje& ia its fell extent; my opinions therefors will bz re- 
ceived witb caution; they ars fubmitted with deference, 


t 


ET v 


fcience than the modern Europeans, with all their improvements, till the 


middle of the eighteenth century. 


ANNEXED, are a few fpecimens of. Arithmetic, Geometry, and Algebra, 


taken from the tranflations of the Beej Gunnit and Leelawuttee, 


another on progreflions, as follows : 


A 
A 


On Series, with Extracts from the Leelawuttee. 


Iw the tranflation of the Lee/awutiee, is a chapter on combinations, and 


COMBINATIONS, 


** To find a number from the mixture of different things," 


“Ip it is required to add different things together, fo that all the come - 


binations arifing from their addition may be known, this is the rule : 


« First, write them al with one, in order, and below write one 
the laft oppofite to the firft in order. Then divide the firft term of 
the firft line, by the. number which is oppofite to itin the fecond | 
line. 'The quotient will be the number of combinations of that y 
thing. Multiply this quotient by the fecond term of the firft line, | 
and divide the product by the number which is oppofite to it in the 
fecond line, the quotient will be the number of combinations of that 
thing; and multiply this quotient by the third term, and divide by | 
that which is below it, and add together whatever is obtained below 


each term, the fum will be the amount of all the combinations cf 


- thefe things." P e e 


Gg 


Or shortly: The rule for combinations of any number of things (n) 


ca! pe pee 


taken 2 by 2, 3 by 3, 4 by A, &c, is — xx ; x &c. continued tc 








as many factors as there are things to be combined. 


EXAMPLE. 


* Tae fix flavoured, called in Hindee Kbut Rus, contains ifta fweet, 
2d afalt, gd a four, 4th a foft, stha bitter, Gth a fharp. I would 


* know the number of different mixtures which may be had by adding 


A 


6x5 15X4 


=- EU „= IS 20; 


" n: DEIESE 
thefe together. Write them thus | EAEE 





6 
I 





20X3 axe 6x1 — . . 
E o——-9 = the fum is 6g. The number of mixtures then 


Bt of 6 things 1s 69.” 


PROGRESSION. 


** Or numbers encreafing. This may be of fevera] kinds; Firft, with 
one number, that is, when each number exceeds the preceding by 1. The 
way to find any number is; Add 1 to that number, and multiply by 
half that number. To find the fum of the added numbers; Add 2 to 
whatever number you fuppofe the laft, and multiply by the fum of , 
that number; Divide by 3, the quotient will be the fum of the added 


A 
.- 


€ 
nw 


^ 
a 


number, or this number which was fuppofed the laft,’’ 


Tue rule is illuftrated by thefe examples. Ina feries encreafing from 


1, to find the fum of 4 terms. 


1424344 — HE cic In the fame feries to find the fum of 6 terms 


E. 6 m. 
746X—=21, the fum of 9 terms 1:5x i45 


( 8) 


Tuis is when the encreafe is by r. To find the fura of the added terms 





2 


Ro nr = a Sree 3! HEN : 
with 3: a+3 X 14+24+3=10 with 45; 244 X 3424344 = 207 with g 
3 3 


ato X 





1 tacat4d 62-748 o I 65. 
3 n 


** Ir a perfon gives away at this rate, 1ft day 1, 2d day 2, 9d day 3, 4th 
** day 4, and foon, encreafing by 1 to 9 days. According to the 1ft rule by 
‘© the 3d day he will have given 10, by the 4th 20, by the 6th 45, by the oth 


«165. Thefe rules are fhortly 3-6» x—-— s; where n is the num- 
ber of terms, and s the fumam or the icrieshI, 9, 3, 4, 5, CC Eme 


(2b) x », the fum of the triangulars. - 


Tue next rule is for the fummation of feries of fquare and cube 


numbers, applied to the feries 1, 4, 9, 16, 25, &c. and 1, 8, 27, 64, 


a n tR Es, 


12°, e tine fum of n terms of the former will be and 


the fum of n terms of the latter will be s*. Rules are then given 
for arithmetical progreffions, viz. (fuppofing a to reprefent the firft 
term, m the middle term, z the laft term, d the common difference) 


(i). sd = a+ = 
n-—I "xS = 


d 





: z--a e — d 5 
5 — — — g, —— I — —— 283, we A 
Saixd da mon Tom A U; 








z - 








Ln 
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A RULE for fumming a geometrical progreffion comes next. 


* A PERSON gavea number the firt day; the 2d. day he added that : 
* number multiplied by itfelf,'and fo on for feveral days, adding every 
* product multiplied by the firft. number. ‘The rule for finding the fum 


( 9 ) . 


*t is this; fr, obferve whether the number of the time is odd or even: 
* jf it is odd, fubtract 1 from it, and write it fomewhere, placing a 
** mark of multiplication above it. If it is even, place a mark of a fquare 
** above it, and halve it till the number of the time is finifhed: after 
* that, beginning at the bottom with the number of encreafe, multiply, 
“ where there isa mark of multiplication, and take the fquare, where 
“ there is a mark of a fquare: fubtra&t 1 from the produ&, and divide 
* what remains by the number of encreafe lefs 1, and multiply the 


* quotient by the number of the firt day: the produ& will be the fum 
‘* of the progreflion.” 


EXAMPLE, where the number of terms is even, 2, 4 &c. to 30 terms — 
Example, where the number of terms is odd, 9, 6, 18, 54 &c. to 7 
terms. In thefe examples the refult is given without any detail of the 


application of rule to the cafe. Probably there is fome error in the 


n 
rale; it fhould be :—: From want of books one cannot in this 


——Xazt* 
r=: 


country have the means of afcertaining precifely the time when each particu- 
lar mathematical rule was invented in Europe, but I have no doubt it will 
appear, that-all the rules which are in thefe two chapters were not known in 


Europe till after the fixteenth century. The formula + x == x = &c. is 
the fame as that for finding the coefficients in the binomial theorem, which 
was in Europe firft taught by Briccs about the year 1600. It does not 
appear whether this ufe of it was known to the Hindoos. Mr. REUBEN 


Burrow publifhed in the Afarick Refearches a queftion folved by the laft 
mentioned rule, inferring from it, that the Hindoos had the binomial 





theorem. 


PELETARIUS in his Algebra, vu hich was printed in 1555, gave a table of 


( 10 ) 


{quare and cube numbers, remarking, among other properties of thefe 
numbers*, ‘ that the fum of any number of the cubes taken from the be- 
ginning, always makes a fquare number, the root of which is the fum of 


the roots of the cubes ;? which is the fame thing as the Lee/awuttee rule. 


Ir does not appear whether the Hindoos had any knowledge of figurate 


numbers further than what is here given. 


> the menfuratron of the Circle and Sphere, with extracts from 
the Leelawuttee. 


Tue rules in the Lee/awuttee for the menfuration of the circle and of 
the fphere are thefe : 


, To find the circumference of a circle, multiply the diameter by 3927, 
and divide the produ& by 12:0; or multiply thé diameter by 22, and 
divide by 7. 


AnD (fuppofing D to be the diameter and C the circumference) =" E 5 


area. D x Sg fes ofa S ae SH ofaíphere. Other vale 











D bt ii D“ XI 
given are Rean area, —Ž = area — m =: folidity of afphere, (v 
C gam 

. à D— /(DEOKB- ze 
being the verfed fine, and c the chord of an arch a J ee 
=y ande e D-vy)v2c,. 422 (=) __ cs 

v v)v =C, samaja = and > a 2: E — ds 
4 4D4-c 





a E 


* Quoted from HurTow's Dictionary, Art, Algebra, 
Pune Mathematical PhyAics 


Ruxes for finding the fides 





( 


11 


) 


of regular figures infcribed in a circle *, 


D x1325325 Dx noon 

D) gon 120600 6 son 1200c0 
Dx $4853 Dx 52055 

4 gon 190002 7 gon 129000 
Dx 70534 Dx 45922 

5 Son 120000 8 B 122000 
Dx 41031 


Gg Eea 
9 o n 120000 


Ir is to be lamented that the method of deducing thefe reles is.not 
ftated. 


» 


Tue ratio for that of the circumference of a circle to its diameter s 
22: 7 iS the fame as that of ARCHIMEDES ; that of 9927: 1250 is, I believe, 
a nearer approximation than was known in Europe before Vieta. This 
is moft probably (if not certainly) an Hindoo invention, and therefore 


fhould give the credit of originality to the other rules which are conne&ted 


with it. 


On Quadratic Equations, with extracts from the Leelawuttee, the 


Bee} Gunnit, and Diophantus. 


In the tranflation of the Leelawuttes, the rule for quadratic equations is, 
* Wen the number, by which the rcot of the number thought of is ~ 
* multiplied, is given; and, the fum or difference of the product when 
** added to, or fubtraéted from, the number thought of, is alfo given; the 
I rule for finding the number is: Take half the multiplier and fquare it, 
** add what remains to it; take its root; add, or fubtraét, half the multi- 


* plicand to the root, according as the queftion is of fubtraction, or addi- 


* Some of thefe numbers appeap.to be wrong, 


€t 


thought of t.” 
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tion; take the íquare of the aggregate, and that will be the number 


A RULE is given, for clearing the higher power of fractional coefficients. 


Thus: 


E To add to the number thought of, or to fubtract from it, a fraCtion of 


A 
A 


na 
A 


P 
wn 


that number, the rule is: Add, or fubtract, the fraction from r ; divide 
the multiplier and the remainder by the fum or the difference, and pro- 
ceed according to the foregoing rule, with the quotients of the multiplier 


and remainder ||.” 
In the tranflation of the Bee; Guunit, the rule is ; 


‘© Toe fquare of unknown being equal to number, multiply both, or | 
divide both, by an affumed number, and add a number to the two 
refults, or fubtract it from them, that both may be fquares. For 
one fide being a fquare, the other will alfo be a fquare; for they are 
equal and by the equal increafe or diminution of two equals, 
two equals will be obtained. Take the roots of both, and, after 
equating, divide the number by the root of the fquare of un- 


known: the refult will be what was required." 
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AGAIN, “ After equating, if the two fides are not fquares, the me- 
** thod of making them fquares is this: A(fume the number 4, and mul- 
* tiply it by the fquare of the unknown of the firft fide, and multiply 
** both fides by the product, and in the place of number encreafe both 
* fides by the {quare of the thing of unknown which is on that fide. 
. ** Both fides will be íquares. Take the roots of both and equate them, 
** and the quantity of unknown will be found #” 

Tus rule is not very accurately expreffed, but there can be no doubt 
of what is intended by it. The following example will ferve to illuf- 
trate the rule, and fhew the manner in wich the equation is reduced. 

* Some bees were fitting on a. tree; at once, the fquare rcot of half : 
** their number flew away ; again, eight-ninths of the whole flew away 
* and two becs remained. How many were there? The method of 
** bringing it out, is this: From the queftion it appears that half the fum 


* has a root. I therefore fuppofe z fquare of unknown; and I take 


** one ut known, that is the root of half; and = ; and as the queftioner 


** mentions, that 2 bees remain; 1 unknown and - of two fquare of 
: 16 Cet 
* unknown that is E of 1 fquare of unknown, and 2 units is equal to 


* 2 fquare of unknown. I perform the operation of equating the frac- 
‘tions in this manner, I multiply both fides by 9, which is the deno- 
'* minator of a ninth, 16 fquare òf unknown and ọ unknown and 18 
units is equal to 18 fquare of unknown. I equate them thus :—I fub- 
tract 16 fquare of unknown of the firl fide from 18 {quire of un- 


* known of the fecond fide. It is 2 fquare of unknown affirmative, 


— 





* Shoull be, ir ax * 4 bx = c multiply both fides by 4a, and ald b 7; then extza& the roct 


and retuce the ecuaiion, 


( 14 ) : | 
e and in like manner i fubtra& g unknown of the firft fide from cipher 
* unknown of t^e fecond fide, g unknown negative remains. Then 


e I (fubtra& cipher the numbers of the fecond fide from 18 units of the 


| 
| 
| 
* firt fide. Itis the fame. The firft fide then is 2 fquare of unknowa 
c affirmative and g unknown negative, and the'fecond fide is 18 units 
* afarmative. In this example there is equality of {quare of unknown, 
“and unknown, to number; that is equality of fquare and thing to 
* pumber. As the rocts of thefe two fides cannot be found, fuppofe i 
* the number 4, and multiply it by 2 which is the number of -the | 
* fguare of unknown; itis 8. I multiply both fides by 8. The fick | 
** fide is 16 fquare of. thing, and 72 unknown negative; and the fecond 
* fide is 144 units. T then add the fquare of the number of the un- 
es known, which is 81 to the refult of both fides. The firft fide is 16 
“guare of unknown, and 72 unknown negative, and 81 units; and 
* the fecond fide is 225 units. 1 take the rootsof both fides. The 1 
** toot of the frit fide is 4 unknown, and Q units negative; and the root 
* of the fecond fide is 15 units affirmative. I equate them in this man- 
se ner. I fubtra& cipher unknown of the fecond fide from 4 unknowa 
** of the firt fide; and 9 units negative of the firft fide, from 15 units 
** affirmative of the fecond fide, - The frh is 4 thing and the fecond fide 
<e is 24 units affirmative. I divide; 6 is the refult, and this is the 
quantity of the unknown, and 36, is the fquare of the unknown. 
And as we fuppofed 2 fquare of unknown, we double 35; the whoie 


** number of bees then was yet . 


FARTHER, ‘* When on one fide is thing and the numbers are negative, 


£ 


^ 


and on the other fide the numbers are lefs than the negative numbers on 


^ 
^ 


the firft fide, there are two methods. The firft is to equate them without 


alteration— The fecond is, s um eggs » hi: econo fide | PAS i 
i à I 


~ 


« tive, to make them negative; andif negative, to make them affirmative, 
« Equate them; 2 numbers will be obtaiced, both of which will pro- 


** bably anfwer."' 


From this it will appear that in the tranflations of the Leelawutre and 
Beej Guanit, the knowledge of quadratic equations is carried as far as it 
was among the drabs and the modern Europeans before CARDAN, and no 
farther. Hour ToN* faysof Lucas pe Burgo, whofe book was printed 
about the end of the 15th century, * He ufes both the rocts or values of 
* the unknown quantity, in that. cafe of the quadratics which has two 


* pofitive roots, but he takes no notice of the negative roots in the other 


€ two cafes." 


BaAcnzT in his commentary on the 33d queftion of the ıt book cf 
DiorHaNTUs, takes a view of the rules for the folution of quadratic equa. 
tions which were known in his time—And he thinks that DIoPHANTUS 
had fimilar rules: He judges fo, becaufe in the 30th and 33d quefticns of 


the aft book, Diornaxivus has theíe propofitions, which he gives as the 


x 





conditions of his queftions, (7—)— x y = Dand 4 x y + (x-y)? =O, and 
fays of each cf them es če zero aiacpaz. BacueET is of opinion, that thefe 
words indicate that rules for quadratic equations may be deduced from 
the propofitions, and he accordingly deduces rules, calling them Dio- 
PHANTUS's method. Diopmantus however had no fuch method. He 
always affumes his numbers fo as to avoid quadratic equations: He no- 
where folves quadratic equations, and therefore it may be prefumed that 
he did not underftand them. 


Ix the 45th queftion of the 4th book, however, he has a procefs which - 





* Mathematical Dictionary, article Algebra. 


: (a6 } 


is very like that of the folution of a quadratic equation ** *6N + 12 
* minus funt quam 2Q-6. Adjiciantur que defunt utrimque unitates, " 
** erunt 2 Q majores quam 6 N + 18. In zquatione autem bac expli- 
** canda, dimidium numerorum in fe ducimus, et fit g. Ducimus etiam 
** quadratos in unitates, et fiunt 36. et addito 9 funt 45. cujus latus 
** non minus eft 7 adde femiflim numerorum, et divide per quadratos, 
“fit 1 N minor 5." ^ And, in queftion 33, book 4, Diopuanrus, 
having the equation 3 X + 18 = 5 x°, proceeds thus: *' et non eft rati- 
** onalis atqui 5 Q eft quadratus unitate au€ius. Oportet itaque hunc duc- 
** tum in unitates 18 et adfumentem quadratum femiffis 3 N nimirum. 22 
** facere quadratum" &c. (fee queftion and BacngT's commentary) but 
no quadratic equation is folved. 

Ir may be prefumed from what has been faid above, that the knowledge 
which the Arabzans had of Algebra, as far as regards quadratic equations, 
was not derived from the Diophantine Algebra, but either that it was in- ` 
vented by themfelves, or, which is moft likely the cafe, that it was had 
from the Hindoos. 


On Indeterminate Problems of the 2d Degree, with extracts from 
Diophantus and the Bee} Gunnit. 


Tue 16th Queftion of the 6th book of DiopHanrus is as follows : 


* Daris duobus numeris, fi aliquo quadrato in unum eorum duéto, et 
** altero de producto fubtracto, fiat quadratus: invenietur et alius qua- 
** dratus major quadrato prius fumpto, qui hoc idem preftet. Dentur 


** duo numeri 3 et 11, et quadrato aliquo, puta à latere ; ducto in 3 8 | 


* ? s `a k "n 
HETS fr ation, r 
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*'* a produ&o detracto 11 fiat quadratus à latere 5. oporteat invenire alium 
** quadratum majorem quàm 25 qui hoc ipfum preftet. Efto latus qua- 
** drati 1 N 4- 5 fit quadratus 1 Qc 10 N+25—Hujus triplum dempto 11 
* fit 3 O4 30 N 464 zquale quadrato; fit ejus latus 8—2 N et fit N, 62. 
** Eft ergo latus 67 quadratus 4489, qui præftat imperata." 


AND in the next example, referring to this, he fays, by purfuing this 


method an infinite number of fquares may be found. 


In the Beej Gunnit this problem is folved very generally and fcienti- 
fically, by the affiftance of ancther, which was in Europe firft known in 
the middle of the .17th century, and firt applied to queftions of this 


nature by EuLER in the middle of the 18th century. 


ABSTRACTING from the figu, the Beef Gunnit rule for finding new 


values of a x^ c bey" is: Suppofeaf * + b = g ^ a particular cafe —, 
find m and n fo thatan? + r2 m ê then x= n 


Zr ANni. 


09 


+m fandy =m 


GENERAL methods according to the Hrzdoos for the folution of inde- 
terminate problems of the rft and 2d degrees will be found ia the sth 
and 6th chapters of the Bec Gunnit. 


POs? SCKIEPA. 


SINCE writing the above I have had accefs to Exgij/h tranflations of the 
Leclawuttee and part of the Beej Gunnit ; and I have the fatisfa€tion to find 


that in all the moft material points they agree with the Perfian tranflations. 


eo 
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On the early History of Algebra. 





- By EDWARD STRACHEY, Eso. 





Ir it were as generally known as it is certainly true, that there is a 
fine field for oriental research in the mathematical sciences, and that it is 
easy of access, the subject would not be so much neglected as it is at 


present. 


Four years ago I printed at Calcutta, some observations on the ma- 
thematical sciences of the Hinds. In that tract I proved, that an exten- 
sive and accurate knowledge of the Algebra of the Hindus might be had, 
by means of translations; extant in the Persian language, of certain 
Sanscrit books. As the Persian language is understood by most of the 
Company’s civil servants m Bengal, I conceived that a consideration of 
the fact might induce persons who were competent to such studies, to 
direct their attention to them. Of the Bija Ganita, or Hindi Algebra of 


Buascara AcHarya, I have sent home a full account, which I suppose 


must have been published by this tips sala Mathematical Physics 
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tirely from a Persian translation) it is proved, that the Hindus had made 
a wonderful progress in some parts of Algebra; that in the indeterminate 
analvsis they were in possession of a degree of knowledge, which was in 
Europe, first communicated to the world by Bacuet and Fermar, in the 
seventeenth century, and by Eurer and DE La GRANGE, in the eighteenth. 
It would be very curious to push these inquiries into the Hindu indeter- 
minate analysis, as far as possible. They might, perhaps, shew that the 
Indians had a knowledge of continued fractions, and possibly speculations 
in physics and the higher geometry, that we know nothing of: for the 
foundation of the indeterminate analysis of the Hindus is directly ex- 
plicable on the principle of continued fractions. And there are branches 
of natural philosophy and mathematics, where equations will arise, which 
can be solved only by the rules of the indeterminate analysis. In the in- 
troduction to the BZa Ganita, where the first principles are given, a 
method is taught of solving problems of the form Ar+b=0. This, 
simply considered, may be thought only a vain speculation on numbers ; 
but, in the body of the Bza Ganita, the rule is applied to the solution of 
equations. It is true, that these equations arise from questions purely 
numeral ; yet it appears, nevertheless, that the application of the rule was 
understood. But whatever may be thought of this argument, it is, at all 
events, interesting, to ascertain the progress which has been made in the 


sciences, by different nations, in distant times. 


A coop comparison of any of the mathematical sciences of the Greeks, 
the Arabs, and the I»díans, would be exceedingly valuable; and every 
information, which will serve to illustrate the subject, is of importance to 


the early history of science. 


We know but very little of AlectPayeitIhaitianaétiagwk' Physics 


HISTORY OF ALGEBRA. 3 


It was introduced into Europe, from Arabia, towards the beginning of the 
thirteenth century ; and the work of DiopHantrus became known about 
three hundred years after. From the difference between his Algebra and 
that of the European writers, there was reason to believe that they were 


not of the same origin. 


Some learned persons thought that DiopHantus was the inventor; but 
the more received opinion was, that his writings bore internal evidence of 
the contrary; and that Algebra must have been known long before his 
time. 

IN 1579, BowsELL: published a treatise of Algebra, in which he says, . 
that he and a lecturer at Rome, whom he names, had translated part of 
DioPHaNTUs, adding, * that they had found that in the said work the 
“ Indian authors are often cited ; by which they learned that this science 


“ was known among the Indians before the Arabians had it.” (Hutron’s 


Dictionary. ) 


Dr. Horton has adopted the opinion, that the Arabians had their Al- 
gebra from the Greeks. In his dictionary (article Algebra) we find, “ the 
“© Arabians say, it was invented amongst them, by Mauomer* Bix- 
" Mu's'a or son of Moses, who it seems flourished about the eighth or 
“ ninth century." It may be observed, by the way, that no Arabian 
writer has been cited in support of this. It does not appear on what 
foundation the assertion stands; I imagine it is taken from WaLLis. The 
learned Mus/emans in India, certainly consider the science as having 
originated among the Indians; and the arithmetic, which in their treatises 


always precedes Algebra, is undoubtedly Indian. 


* Mun'AuwED-Bi-Mu's'A-ur-Kua'^nEzut, according to D'HenstEror, flourished under 
the Khalifa Mam‘un, and left a sct of astronomical tables, which were highly esteemed, 


before Nas‘ruppin Tusi published his. j 
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Dr. Hutton goes on: * It is more probable, however, that MAHOMET 
« was not the inventor, but only a person well skilled in the art ; and it 
« is further probable, that the Arabians drew their knowledge of it from 
« DioPHANTUS or other Greek writers; and, according to the testimony 
« of ABULPHARAGIUS, the arithmetic of DiopHantus was translated into 
« Arabic, by ManouxET-BiN-Y AHYA-BAZIANA.” This I suppose is taken 
from Pocockz's translation, but the word which he has explained by 
* interpretatus est " CI meaning he commented on, rather than he 
translated. Surely, this is not sufficient to give rise to a probability, that 
the Arabians derived their Algebra from the Greeks. The Algebra of 
the Arabians bears no resemblance to that of DiornawTus, the only 
Greek writer on the subject who has ever been heard of, Inquiries have 
been made, in different parts of India and Persia, for the supposed transla- 
tion of DiopHantus; but without success. In the five first propositions 
of the 13th book of Evcirp, and in the 10th and 11th propositions of Ar- 
CHIMEDES' book on spiral lines, and in the 9th proposition of the ed 
book of his Isorropics, W ALLIS thought he saw traces of Algebra; and it 
is to be presumed, that no farther evidence of its existence, among the, 
ancient Greeks, is discoverable; for, except the above, I do not know that 
any authors have been directly quoted, in proof of the argument ; although 
there has been much assertion, in general terms, that the works of cer- 
tain writers do contain traces of Algebra. If there were any undoubted 
marks of it, in the writings of the ancients, they could not have escaped 
the notice of so learned and so indefatigable a scholar as Warris. What 
he says on this subject, appears to result from a prejudiced conviction of 


the antiquity of the science, and not from an unbiased search for truth. 








* Diophantí librum de Algebra interpretatus est. 
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If the analysis of the five first propositions of the 13th book of Evcrip 
were (as is believed) by THeEon, they could not well be adduced in proof 
of the ancient Greeks having a knowledge of Algebra; because Turow is 
supposed to have been nearly contemporary with DroPnaNTUs. He could 
not have been long before him, if itis true, that his daughter Hypatia 
commented on a work of DiopHantus. But, be this as it may, the ana- 
lysis of the propositions in question is not at all Algebraical. It is the 
common analysis of the ancient geometers, which is quite different from 
Algebra; the former being geometrical and the latter arithmetical. 
WaLLIs's reasoning, on the three propositions of ARCHIMEDES, to which 
he refers, amounts to no more than this. The demonstrations, as they 
now stand, are difficult ; they might have been done by Algebra with ease; 
therefore, it is probable they were done by Algebra. We know of no 
Greek writer on Algebra, but DiopHantus; neither he, nor any known 
author, of any age, or of any country, has spoken, directly or indirectly, 
of any other Greek writer on Algebra, in any branch whatever ; the Greek 
language has not even a term to designate the science. The instance of - 
DioprHawTUs's treatise, with some indirect and disputable arguments, 
drawn, by inference, from works on other subjects than Algebra, is not 
sufficient. It is unlikely that the ravages of time and the depredations of 
barbarians should have destoyed all the direct and indisputable proofs. 
Such causes might account for the deficiency of our information on cer- 
tain particulars, but will not authorise forced constructions, to argue the 
existence of a complete science, from its supposed demolition. The ge- 
ncral extent of the literature of the Greeks, especially in mathematics, is 
well known; and that they had Algebra, can be established only by clear 
and positive evidence. For the different arguments which have been 


used, and the authorities which have been quoted on this question, see 
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on one side WarLis's Algebra, Chap. 1, 2, 75, &c. with the authors he 
refers to; and, on the other side, the French Encyclopedie Art. Algebre, 
Application, Diophante by D'ALEMBERT, and Analyse by De CasriLLow. 
See also Montucta. Though BuascanA ACHARYA, who is-compara- 
tively a modern writer, could not have been one of the authors whom 
DioPHaANTUSs is said to have quoted, itis by no means improbable that 
some Alexandrian merchant, trading to India, might have learned a little 
Algebra from the Bramins, and instructed some of his countrymen; or 
DiopHantus might have learned from Indians at Alexandria. If there 
is doubt of the Diophantine Algebra being of Greek origin, it is worthy of 
remark that its author had opportunity of communicating with persons 
from whom he might have drawn materials for his work, and whom 
there is evidence of his having actually cited. It is objected that Bom- 
BELLI is the only person who has taken notice of DiopHantus’ reference 
to Indian authors, and that no such reference is now to be found in his 
work. But the authority of BomsELLI, on this point, cannot be overset, 
till it is ascertained that the manuscript of the Vatican, which he par- 
ticularizes, does not contain the citations. One would think that Bom- 
BELLI'S assertion must have had some foundation, that it is not a mere 
fabrication. "Though it does not appear that any Sanscrit works on this 
science, of greater antiquity than the Ba Ganita, have yet been dis- 
covered, we are not to conclude, therefore, that there are none ; for the 
author of the Béja Ganita expressly says, his work is extracted from 
three copious treatises. These books have not been found; we know 
nothing of their contents nor their dates. The following was the result 


of a general comparison of the BZja: Ganita with DioeuaNTUs.* * The 











* From “ observations,” &c. above referred to. 
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Bija Ganita will be found to differ much from DiopHaxtus’ work. 
* It contains a great deal of knowledge which the Greeks had not; such 
« gs the use of an indefinite number of unknown quantities, and the use 
‘ of arbitrary marks to express them; a good arithmetic of surds; a 
“ perfect theory of indeterminate problems of the first degree ; a very 
" extensive and general knowledge of those of the second degree; a 
* knowledge of quadratic equations, &c. The arrangement and man- 
" ner of the two works will be found as essentially different as their 
« substance. The one constitutes a body of science, which the other 
« does not. The Bzja Ganita is well digested and well connected, and 


« is full of general rules which suppose great learning: the rules are 


A 
- 


illustrated by examples, and the solutions are performed with skill. 
* DioPHaNTUS, though not entirely without method, gives very few ge- 
** neral propositions, and is chiefly remarkable for the ability with which 
* he makes assumptions in view to the solution of his questions. "The 
** former teaches Álgebra as a science, by treating it systematically; the 
* Jatter sharpens the wit by solving a variety of abstruse and complicated 
* problems, in an ingenious manner. The author of the Biya Ganita 
* goes deeper into his subject, and treats it more methodically, though 
* not more acutely, than DiopHantus. The former has every charac- 
* teristic of an assiduous and learned compiler; tlie latter of a man of 


* genius in the infancy of science." 


Tur Greek Algebra may be seen in DroPHuawTus, who is the only 


Greek writer on the subject who has ever been heard of. 


Tue Indian Algebra may be seen in the Bija Ganita, and the Lilavati 
(by the author of the Brija Ganita,) and as the Persian translations of 
these works contain a degree of knowledge, which did not exist in any of 
C 
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the ordinary sources of science, extant in the time of the translators, they 
may be safely taken as Indian, and of ancient origin. To give some idea 
of the Algebra of the Arabians, whereby we may be enabled to judge, 
whether, on the one hand, it could have been derived Bron DioPHANTUS ; 
or, on the other, that of the Hindus could have been taken from their, 
the work entitled Khuldsat-ul-Hisab, may be taken as a specimen; 
especially because, as will be more particularly stated in another place, 
there is a part of this book which marks the limits of Algebraical know- 


ledge, in the time of the writer. 


We have seen, that the first European Algebraists learnt of the Ara- 
bians, but no account has been given of the nature, the extent, and the 
origin of Arabian Algebra. No distinct abstract or translation of any 
Arabic book, on the subject, has appeared in print; nor has it been esta- 
blished beyond controversy, who taught the Arabians. The Khulasat- 
ul-Hisáb is of considerable repute in India; it is thought to be the best 
treatise on Algebra, and it is almost the only book on the subject, read ^ 
here. I selected it, because I understood, that as well as the shortest, it 
was the best treatise that could be procured. Besides general report, I 
was guided by the authority of MauLavi RosHen Ati, an acknowledged 
good judge of such matters, who assured me that among the learned 
Muslemans it was considered as a most complete work; and that he 
knew of no Arabian Algebra beyond what it contained. In the Sulafat- 
ul-Asr, a book of biography, by Niz‘aM-uL-pin-AH™MED, there is this ac- 
count of Ban'A-ur-pix, the author afi the Khuldsat-ul-Hisab. * He was 
* born at Balbec, in the month D’hi’lhaj, 953 Hijri, and died at Isfahan 
* in Shawal, 1031." Mention is made of many writings of Bana-UL-DiN 


on religion, law, grammar, &c. a treatise on astronomy, and one on the 
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astrolabe. In this list of his works, no notice is taken of his great trea- 
tise on Algebra, the Behr-ul- Hisáb, which is alluded to in the Khuldsat- 
ul-Hisab. Mavravi Rossen Axi tells me the commentators say, it is 
notextant. ‘There is no reason to believe that the Arabians ever knew 
more than appears in Bana-uL-pin’s book, for their learning was at its 


height long before his time. 


From what has been stated it will appear, that from the Khuldsat-ul- 
Hisáb, an adequate conception may be formed of the nature and extent of 
the Algebraical knowledge of the Arubians; and hence I am induced to 
hope that a short analysis of its contents will not be unacceptable to the 
society. I deem it necessary here to state, that possessing nothing more 
than the knowledge of a few words in Arabic, I made the translation, 
from which the following summary is abstracted, from the viva voce in- 
terpretation into Persian of Mautavi RosHen Ari, who perfectly under- 
stood the subject and both languages, and afterwards collated it witha 
Persian translation, which was made about sixty years after Ban‘a-uL- 


pin’s death, and which Rosen Ari allowed to be perfectly correct. 


Tue work, as stated by the author in his preface, consists of an in- 


troduction, ten books and a conclusion. 


Tur introduction contains definitions of arithmetic, of number, which 
is its object and of various classes of numbers. The author distinctly 
ascribes to the’ Ind;an sages the invention of the nine figures, to express 


the numbers from one to nine. 


Boox 1, comprises the arithmetic of integers. The rules enumerated 
under this head are Addition,. Duslaiion, Subtraction, Halving, Multi- 
plication, Division, and the Extraction. of the Square Root, The method of 
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proving the operation by throwing out the nines is described under each 
of these rules. The author gives the following remarkable definitions ef 
multiplication and division, viz. ‘ Multiplication is finding a number 
* such that the ratio which one of the factors bears to it shall be the 
* same as that which unity bears to the other factor," and * division is 
* finding a number which has the same ratio to unity as the dividend hes 


« to the divisor." 


For the multiplication of even tens, hundreds, &c. into one another, 
the author delivers the following rule, which is remarkable in this res- 
pect, that it exhibits an application of something resembling the indexes 


of logarithms. 


* 'TAKE the numbers as if they were units, and multiply them together 
* and write down the product. Then add the numbers of the ranks to- 
* gether, (the place of units being one, that of tens, two, &c.) substract 
* one from the sum and call the remainder the number of the rank of 
* the product. For example, in multiplying go into 40, reckon 12 of the 
*^rank of hundreds; for the sum of the numbers of their ranks is 4, and 
* three is the number of the rank of hundreds, multiplying 4o into goo, - 
« reckon 20 of the rank of thousands, for the sum of the numbers of the 
“ranks a 

Tue following contrivances have sufficient singularity to merit par- 


ticular mention. 


I. To multiply numbers between 5 and 10. Call one of the factors 
tens, and from the result, subtract the product of that factor by the dif- 
ference of the other factor from ten, For example, to multiply 8 into 9. 


Subtract from go the product of 9 by 2, there remains 72. Or add the 
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factors together, and call the excess above 10, tens. Multiply together 
the two differences of the factors from 10, and add the product to the 
former number. For example, to multiply 8 by 7, add to 5o the product 


of 2 into 3. 


II. To multiply units into numbers between units and 20 ; add the 
two factors together, call the difference of the sum from 10, tens. From 
this result, subtract the product of the difference of the simple number 
from 10 and of the compound number from 10. For example, to mul- 


tiply 8 by 14. Subtract from 120, the product of 2 into 4. 


III. To multiply together numbers between 10 and 20 ; add the units 
of one factor to the other factor and call the sum tens: add to this the 
product of the units into the units. For example to multiply 12 into 13, 


add 6 to 150. 


IV. To multiply numbers between 10 and 20 into compound num- 
bers between 20 and 100; multiply the units of the smaller by the tens of 
the greater, add the product to the greater number and call the sum tens. 
Add to it the product of the units in both numbers. For example, to 
multiply 12 into 26, add 4 to 26 and call 5o, tens. Finish the operation, 


it Is 312. 


V. To multiply numbers between 20 and 100, where the digits in the 
place of tens are the same; add the units of one factor to the other and 
multiply the sum by the tens, call the product tens, and add to it the 
product of the units multiplied by the units. For example, to multiply 
23 by 23, multiply 28 by two. Call the product 56 tens, finish the 
operation ; 575 1s obtained, 

D 
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VI. To multiply numbers between 10 and 100, when the digits in the 
place of tens are different. Multiply the tens of the smaller number 
into the larger number; add to the result, the product of the units of the 
smaller number into the tens of the greater; call the sum tens ; add to 
this the product of the units into the units. For example, to multiply 23 


into 34, add 9 to 68, add 12 to 770. 


VII. To multiply two unequal numbers, half the sum of which is 
simple ( Mufrid,) take the sum of the two and multiply half of it into 
itself. From this product, subtract the square of half the difference of 
the two numbers. For example, to multiply 24 by 36. From goo sub- 
tract the square of half the difference of the numbers, that is 56. There 


remains 864. 


Fon multiplying numbers consisting each of several places of figures, 
tlie method described by this author, under the name of Skabacah or net 
work, and illustrated by the following example, may have suggested the 


idea of NaPIER’s bones. 
Multiply 62374 by 207. 
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Ox the other rules, nothing is delivered differing so: much from those 
contained in our common books of arithmetic, as to require specific nien- 


tion. 


Book second, contains the arithmetic of fractions; and book third, the 
rule of three, or to find an unknown number by four proportionals. 
Book fourth, delivers the rule of position, or to find an unknown number 
by assuming one once or twice, and comparing the errors. Book fifth, 
gives the method of finding an unknown number, by reversing all the 


steps of the process described in the question. 


Tue sixth book, treats of mensuration. The introduction contains 
geometrical definitions. Chapter I. treats of the mensuration of rec- 
tilinear surfaces. Under this head the two following articles are deserv- 
ing of notice. I. To find the point in the base of a triangle where it will 
be cut by a perpendicular, let fall from the opposite angle. Call the 
greatest side the base; multiply the sum of the two lesser sides by their 
difference ; divide the product by the base, and subtract the quotient from 


the base; one half the remainder will shew the place on the base, where 


the perpendicular falls towards the least side.* 











* Lct a be the base, or longest side, b the middle, c the 
smallest, and x the distance of the perpendicular from the 


least side. Then E ; a 


Lè =at + o2 ar (Euci 13. 2.) 


2ar=a* 4 c?— b? 
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9. To find the area of an equilateral triangle. Multiply the square 
of a quarter of the square of one of the sides by three: the square root 


of the product is the area required.* 


CHAPTER second, treats of the mensuration of curvilinear surfaces. j 
For the circle the rule delivered in many common books of mensuration 
is given: viz. multiply the square of the diameter by 11, and divide the 


product by 14. 


CHAPTER third, on the mensuration of solids, contains nothing of sin- 
gularity sufficient to merit particular notice. This chapter concludes 
with the following sentence. ** The demonstrations of all these rules are 
* contained in my greater work, entitled Bahr-u/- Hisáb (the ocean of 


* calculation,) may Gop grant me grace to finish it.” 


Book seventh, treats of practical geometry. Chapter first on levelling, 








a e 








a b rcx b6—c 
Therefore + = 5 zm 


See the geometrical demonstration in the elements of plane trigonometry, annexed to Simson’s 


Euclid, prop. 7. 


* Let aside of the triangle be a and the perpendicular x. 








ees 
The area is —- / * 
TUN 3 az 3a” 
White se n == z 
p 4 d a 
3a? 
E iU oai 
4 
D wa due 16 


+ This is founded on the rough proportion of the diameter, to the circumference as 7 : 22, 
Buascana, in the Lil«vati, assigns 1250: 3927, which is 1: 3.1416 and differs only 0.C00007 


from the most accurate computation hitherto made. 
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for'the:purpose of making canals. In this are described the plummet 


Jevel, and the water level on the same principle with our spirit level. 


"CHAPTER second, on the mensuration of heights, accessible and inaccessi- 
ble: Under the former of these heads are delivered the common methods, 
by bringing the top'of a pole whose heighit is known, in a line between the 
'eye and the top of the height required ; by viewing the image of the top 
in a horizontal mirror; by taking the proportion between a stick cf 
known length, set up perpendicular to the horizon and its shadow; and 
by taking the length of the shadow of the height wlien the sun's altitude 
is 45 degrees. The last method is this; “ Place the index of the astro- 
* labe at the mark of 45 degrees, and stand at a place from whence the 
* height of the object is visible thrcugh the sights, and measure from the 
* place where you stand to the place where a stone would fall from the 


* top; add your own height, and the sum is the quantity required." 


Fon the mensuration of inaccessible heights the following rule is de- 
livered, ** Observe the top of the object through the sights, and mark oa 
* what shadow line (division) the lower-end of the index falls. Then 
* move the index a step forward or backward, and advance or recede 
* till you see the top of the object again. Measure the distance between 
“Your stations, and multiply by 7 if the index is moved a Dhil-Kadanz, 


* and by 12 if it is moved a Dhil-Asba,* according to the shadow lines 


* on the Astrolabe. "This is the quantity required. 






— € — M — MÀ A— €— M À— € € A eee 





* This part of the astrolabe^eonsists of two squares put together laterally ; the index of 
the‘instrument being at the point of the adjacent angles above. One square has seven, and 
the other, twelve‘livisions: the former called Dhil-i- Kadam, the latter Dhil-i-As bd. Tbe 
squares are graduated on the outer sides from’ the top, andat the bottom from the point of 
the adjacent angles. ‘The divisions on the upright sides are those lines which Curaucer, in 
his treatise on the astrolabe, calls Conbra-recta ; those on the horizontal he calls Umbra-versa. 


E 
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CHAPTER third. , On measuring the breadth of rivers and the depth of 
‘wells. » ast. Stand on the bank of the river, and through the two sights 
look at the opposite bank ; then turn round and look at any thing on the 
land side, keeping the astrolabe even. The distance from the observer 


to the object is the same as the breadth of the river. sd. Place something 





Cuavucenr’s astrolabe had only one square, DAil-i-4sbá, being divided into twelve parts. 
The Umbra-recta is called DAil- Mustaw?, and the versa, Dhil- Mácás. 


'The rule inthe text is very inaccu- 
rately delivered ; for the only case in 
which it will apply is when at the first 
station the index coincides with the dia- 
gonal of the square, and being afterwards 
moved one division on the horizontal 






















side, the observer advances towards the 
object, till the top is again seen through 
the sights. For let Æ C be the height 
required, B the first station, D the se- 
cond. As the angles at A and B are 
equal, 4 C= D C. Butat the second 
position A C: D C::7:06. There- 
fore d C-—T B. 


But suppose at the first station B, the 
index falls on the fourth division, DAil- 
Kadam, on the vertical side; and that, by 
retiring from the object to D, it is brought 
on the third; then it is evident that 
BC: A C:: (24, and 
Om A C: T 5 
Therefore D C = Z e 
— 4 B D. Consequent- 


ly 7:3: 4 BD: AC 
12 B D D 
7 








= 
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over the well which shall serve for its diameter ; from the center of this 
diameter drop something heavy and shining till it reach the bottom, and 
make a mark at the center ; then look at the heavy body through the two 
sights of the astrolabe, so that the line of vision may cut the diameter. 
Multiply the distance from the mark on the diameter to the place where 
the line of vision cuts it, by your own height, and divide the product by 
the distance from the place where the line is cut to the place where you 


stand. The quotient is the depth of the well.* 


Book eighth. “ On finding unknown quantities by Algebra. In this 


book are two chapters. 


* CHAPTER first. Introductory. Call the unknown quantity Shai 
(thing) its product into itself Ma ( possession,) the product of Mál into 
Shai, Cab (a die or cube,) of Shai into Cáb, Mal-Mal ; of Shai into Mal- 
i-Mal, M.l-Cáb ; Shai into Mál-i-Cáb, Cab-i-Cáb ; and so on, without 
end. For one Cáb write two Mál, and from these two Ma/s one becomes 


Cáb ; afterwards both Máls become Cab. Thus the seventh power is 


* The impossibility of attaining accuracy 
in either of these operations is abundantly ob- 
vious. The first depends on the principle, hy 
that ona level plain, two places, which with 
a given height of the observer's eye haye the | 
same dip below the horizon must be at cqual e 
distances. The second is thus: let the body 
drop from a to e; and let the observer at c d 
observe it in the line d e which cuts a ciu b. 


abxcd - 
Then bc:cd:: ab: ae —;—— O ~ 
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yo PETS cab, and the eighth Mal-i-Cáb-i-Cáb, in the ninth Cáb-;-C4b- 
‘Cab, and so on. All these powers are in proportion, either ascending or 
descending. Thus the ratio of Mdal-i-Mal to Cab is like the ratio of Cb 
to Mal, Mal to Shai, and Shai to one, and one to one divided by Shai; 

and one divided by Shai to one divided by Mál ; and one divided by Mal 
to one divided by Cab; and one divided by Cáb to one divided by Ma/-i- 

Mal. To multiply one of these powers by another, if they are both on 
the same side, (viz. of unity) add the exponents of their powers to- 
gether; the product will have the same denomination.as this sum. For 
example, to multiply Má/-i-Cáb by Mál-i-Mal-i-Cáb, the first is the 5th 
power and the ed the 7th. The result then is Cá4b-i-Cáb-i-Cáb-i-Cáb or 
four Cabs, which is the 12th power. If the factors are on different sides, 
the product will be the excess on the side of the greater. The product 
of one divided by Má/-;- Md into Mál-i-Cáb is Shai; and the product of 
one divided by Cáb-i-Cáb-Cáb into Cáb-i-Mál-i-Mál, is one divided by 

Mal: and if the factors are at the same distance (from one,) the product 
isone. The particulars of the methods of division, and extraction of 
roots and other rules, I have given in my greater book. The rules of 
Algebra which have been discovered by learned men are six, and they 
relate to number and Shu and Mal. The following table will shew the 
products and quotients of these, which are here given for the sake of 


brevity. 
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Divisor. 


* The use of the table is this : multiply the co-efficient of one of the 
two quantities by that of the other; the result is the co-efficient of the 
product, which is of the denomination contained in the square where the 
lines from the two factors meet. If on either side there be a substrac- 
tive (negative) quantity, call the minuend lus or affirmative, and the 
subtrahend minus negative. The product of plus into p/us and minus into 
minus are both plus, and the product of different kinds are minus. Mul- 
tiply the quantities together, and subtract the negative from the affirma- 
tive. For example, the product of 10 and one Shar into 10 all but one 
Shai, is 100 all but Mál. The product of 5 all but Shaz, by 7 all but Shaz 
is 35 and one Ma all but 12 Shai. Another example. The product of 
4 Mal and 6 all but 2 Shai, into 3 Shai all but 5,is 12 Cad, and 28 Shazall 
but 26 Mal and 3o. In division, find a number which multiplied by the 
divisor will produce the dividend. Divide the co-efficient of the dividend 
by that of the divisor, the quotient is the co-eilicient of the quantity which 


is opposite to the dividend and divisor. 
F 
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« CHAPTER second. On the six rules of Algebra. To find unknown 
quantities by Algebra depends on acuteness and sagacity ; an attentive 
consideration of the terms of the question, and a.successful application of 
the invention to such things as may serve to bring out what is required. 
Call the unknown quantity Shai, and proceed with it according to the 
terms of the question, as has been said, till the operation ends with an 
equation. Let that side where there are negative quantities be made per- 
fect, and let the negative quantity be added to the other side : this is cal- 
led restoration (Jebr.) Let those things which are of the same kind, and 
equal on both sides, be thrown away : this is opposition ( Mukdbaluh. ) 
Equality is either of one species to another, which is of three kinds, called 
( Mufridát) simple ; or of one species to two species, which of three kinds, 


called ( Muktarinat) compound. 


* Case the first. Mufridat.. Number is equal to things. Divide the 
number by the co-efficient of the things, and the unknown quantity will 
be found. For example; a person admitted that he owed Zarp 1000. 
and one half of what he owed AEn: and that he owed AMER 1000 
all but one half of what he owed to Zaro. Call Zarp’s debt Shai. Then ^ 
AMER'S debtis 1000, all but half of Shar. Then Zaip's is 1500 all but a 
fourth of Shai, This is equal to Shui. After Jebr, 1500 is equal to one 


A 


Sha? und a quarter of Shai. So for ZaipD is 1200 and for AMER 400." 


“« Case the second. Multiples of Shai equal to multiples of Mal. 
Divide the co-efficient of the things by that of the Ma/; the quotient-is 
the unknown quantity. Example. Some sons plundered their father's 
inheritance, which consisted of Drnars. One took 1, another e, the third 


3, and so on increasing by one. The ruling power took back what they 


had plundered, and divided it anrong them in equal shares. -Then each 
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received 7. How many sons were there, and how many Dinars? Sup- 
pose the number of sons Shai, and take the sum of the extremes, that is 
to say, 1 and Shai. Multiply them by half of Skar. his is the number 
of Dinars. For the product of the sum of any series of numbers in 
arithmetical progression, is equal to the product of the sum of the two 
extremes, into half the number of terms. Divide the number of the 
Dinars by Shai, which is the number of the sons; the quotient, according 
‘to the terms of the question, will be seven. Multiply 7 by Shai, which 
is the divisor; 7 Shar is the product, which is: equal to + Mad and + Shai. 
After Jebr and Mükabalah, one Mal is equal to 13 Shai. Shai then is 13; 
and this is the number of the sons. Multiply this by. 7. The number of 


Dinars will be found 91." 


* Questions of this sort may be solved by position. Thus, suppose 
the number of sons to be 5 ; the first error is 4 in defect. Then suppose 
it to be 9, the second error is 2 in defect. The first Mah fudà is 10 and 
the second is 36 ; their difference is 26 ; the difference of the errors is 2. 
Another method; which is easy and short, is this. Double the quotient, 
(the number 7 in the question) subtract one, and the result is the num- 


ber of sons. 


** Case the third. Number equal to Mál. Divide the number by the 
co-efficient of the Mal ; the root of the quotient is the unknown quantity. 
For example. A person admitted that he owed Zaip the greater of two 
sums of money, the sum of which was 2o and the product 96. Suppose 
one of them to be 10 and Shai, and the other 10 all but Sha’. The pro- 
duct, which is 100 all but Md, is equal to 96 ; and after Jebr and Muka- 
baláh, one Malis equal to 4, and Shai equal to 2. One of the sums then 


is 8 and the other 12,an.l 12 is the debt of Zarp. 
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« FinsT case of Muktarinat. Number equal to Mal and Shai. Com- 
plete the Ma to unity if it is deficient, and reduce it to the same if it ex- 
ceeds, and reduce the numbers and Shai in the same ratio, by dividing all 
by the co-efficient of the Mál. Then square one half the co-efficient of 
the Shai, and add this square to the numbers. Subtract from the root of 
the sum half the co-efficient of the Shaz, and the unknown will remain. 
Example. A person admitted that he owed Zaip a sum less than 10, so 
much that if the square of it was added to its product by 4 what it wants 
of 10, the sum would be 12. Suppose the number Shai, its square is Mál; 
half the remainder from 10 is 5 all buthalf of Shai. ‘The product of Shai 
by this is 5 Skai all but 4 of Mal. Therefore 1} of Ma! and 5 Shai are 
equal to 12. One Mal and 10 Sha? are equal to 24. Subtract half the 
co-efficient of the Shaz from the root of the sum of the' square of 1 the co- 
efficient of the Sha? andthe numbers. There remains 2, which is the 


number required. 


SECOND case. Shai equal to numbers and Mal. After completing or 
rejecting, subtract the numbers from the square of half the co-efficient of 
ihe Shai, and add the root of the remainder to half the co-efficient of the 
Shai: or subtract the former from the latter; the result is the unknown 
quantity. Example. What number is that which being multiplied by half 
of itself and the product increased by 12, the result is five times the 
original number. Multiply Shai by half itself, then half of Mál added to 
12 is equal to 5 Skat. One Mad and 24 is equal to 10 Shai. Subtract 24 
from the square of g, there remains one, and the root of one is one. The 


sum or difkrence of 1 and 5 is the number required. 


lump Case. Mal equal to number and Shai. After completion or 


rejection, acd the sqvare of half the co-efficient of the Shai to the numbers, 
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and add the roct of the sum to half the co-eilicient of the Shai. This is 
the unknown quantity. For example. What number is that which being 
subtracted from its square, and the remainder added to the square, is 10? 
Subtract Shaz from Mal and go on with the operation, 2 Mal all but Shai 
is equal to 10; and after Jebr and Radd, Malis equal to 5 and 4 of Shai, 
The square of half the coefficient of the Shai and 5, is 5 and half an 
eighth, and its root is 24. To this add 4, the result is 22, which is 


the number required. 


Eook ninth, contains twelve rules regarding the properties of numbers, 


VIZ. 


ist. To find the sum of the products of a number multiplied into itself 
and into all numbers below it: add one to the number, and. multiply the 
sum by the square of the number; half the product is the number 
required. 


ed. To add the odd numbers in their regular order: add one to the 


last nuimber and take the square of half the sum. 
q 


sd. To add even numbers from two upwards: multiply half the last : 


even number by a number greater by one than that half. 
< 


4th. To add the squares of the numbers in order: add one to twice 
the last number, and multiply a third of the sum by the sum of the num- 


bers. 


5th. To find the sum of the cubes in succession: take the square of 


the sum of the numbers. 


6th. To find the product of the roots of two numbers: multiply one 
by the other, and the root of the product is the answer. 
G 
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wth. To divide the root of one number by that of another: divide one 


by the other, the root of the quotient is the answer, 


8th. To find a perfect number: that is a number which is equal to the 
sum of its aliquot parts, (Euciip, book 7, def. 29.) The rule is that 


delivered by Evcrip, book 9, prop. 36. 


oth. To find a square in a given ratio to its root: divide the first num- 
ber of the ratio by the second ; the square of the quotient is the square 


required. 


ioth. Ir any number is multiplied and divided by another, the product 


multiplied by the quotient is the square of the first number. 


iith. "Tur difference of two squares is equal to the product of the sum 


and difference of the roots. 


ieth. Ir two numbers are divided by each other, and the quotients 


multiplied together, the result is always one. 


Boox tenth, contains nine examples, all of which are capable of solu- 
tion by simple equations, position, or retracing the steps of the operation, 
and some of them by simple proportion; so that it is needless to specify 


them. 


Tue conclusion, which marks the limits of algebraical knowledge in the 
age of the writer, I shall give entire, in the author's words.  Conclu- 
sion. 'There are many questions in this science which learned men have 
to this time in vain attempted to solve ; and they have stated some of 
these questions in their writings, to prove that this science contains dii. 
culties, to silence those who pretend they find nothing in it above their 


ability, to warn arithmeticians against undertaking to answer every ques- 


HISTORY OF ALGEBRA. 23 


tion that may be proposed, and to excite inen of genius to attempt their 
solution. Of these I have selected seven. 1st. To divide 10 into 2 parts, 
such, that when each part is added to its square root and the sums are mul- 
tiplied together, the product is equal to a supposed number. ed, What 
square number is that which being increased or diminished by 1o, the 
sum and remainder are both square numbers? 3d. A person said he owed 
Zaid 10 all but the sauare root of what he owed AMER, and that he owed 
AMER 5 all but the square root of what he owed Zaro. 4th. To divide a 
cube number into two cube numbers. 5th. To divide 10 into two parts, 
such, that if each is divided by the other, and the two quotients are added 
together, the sum is equal to one of the parts. 6th. There are three square 
numbers in continued geometrical proportion, such, that the sum of the three 
isa square number. 7th. There is a square, such, that when it is increas- 
ed and diminished by its root and 2, the sum and the difference are squares. 
Know, reader, that in this treatise I have collected in a small space the 
most beautiful and best rules of this science, more than were ever collect- 
ed before in one book. Do not underrate the value of this bride ; hide 
her from the view of those who are unworthy of her, and let her go to 


the house of him only who aspires to wed her." 


Ir is seen above that these questions are distinctly said to be beyond 
the skill of algebraists. They either involve equations of the higher or- 


der, or the indeterminate analysis, or are impossible. 


Ir does not appear that the Arabians used algebraic notation or abbre- 
viating symbols; that they had any knowledge of the Diophantine Alge- 
bra, or of any but the easiest and elementary parts of the science. We 
have seen that Bana-uL-pin ascribes the invention of the numeral fig- 


ures in the decimal scale to the Indians, As the proof commonly given 


im 
[927 
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of the Indains being the inventors of these figures is ontv an extract from 
the preface of a bock of Arabie pocms, it may be as well to mention that 
all the Arctic and Persian books of avi 'imeüic aseribe the invention to the 
Fagians, The following is an extract froma Persia treatise of arithmes 


tic in my possession, . 


` 


«Tug Indaia sages, wishing to express numbers conveniently, invent- 


ügures |p Y" 'ouvAq. The first figure on the right hand 


sca these nine 
* they made stand for units, the second for tens, the third for hundreds, 
* the fourtn for thousands. Thus, after the third rank, the next follows 
ing is units of thousands, the second tens of thousands, the third hun 
** dreds of thousands, and soon. Every figure therefore in the first rank 
* is the number of units it expresses ; every figure in the second the num- 
** ber of tens which the figure expresses, in the third the number of hun- 
dreds, and so on. When in any rank a figure is wanting, write a cipher 
* like a small circle o to preserve the rank. Thus ten is written 10, à 


2» 


* hundred 100 ; five thousand and twenty-five 5025. 


Or the Indian Algebra in its full extent the Arabians seem to have been 
ignorant ; but it is likely they had their Algebra from the same source as 
their Arithmetic. The Arabian and Persian treatises on Algebra, like the 
old European ones, begin with the Arithmetic, called in those treatises the 
Arithmetic of the Indians, and have a second part on Algebra; but no 
notice is taken of the origin of the latter. Most likely their Algebra, be- 


ing numeral, was considered by the authors as part of Arithmetic. 


'Tuovcnu part only of the Khuldsat-ul-Hisab is about Algebra, the rest, 
relating to arithmetic and mensuration, must be thought not wholly un- 


connected with the subject. Itis to be hoped that ere long we shall 
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have either translations from the Sanscrit of the Bija Ganita and Lila- 
wati, or perfect accounts from the originals; and that other ancient Hindú 
books of Algebra will be found, and made known to the world. But as 
there is no immediate prospect of these desiderata being realized, the 
translations into Persian will be found well deserving of attention. Only 


let them be examined without prejudice. 


THERE are principles which will safely lead to a distinction of what is 
interpolated from what is original; and it is the neglect of these princi- 
ples, and not any fair examination of the translations, that may lead to 


error. 
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